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The quantitative use of momentum-space descriptors
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Abstract

We explore the possible use of various momentum-space quantities as molecular descriptors in QSAR and QSPR studies. It is found
that three- or four-descriptor models, that include molecular weight, provide useful correlations for a range of property and activity data,
such as gas-chromatography retention times, gas-hexadecane partition coefficients and tadpole narcosis concentrations. The underlying
reason for this success suggests the utility of hybrid models that take account also of the atomic character, albeit corrected for the num-
ber of bonds.
� 2005 Elsevier B.V. All rights reserved.
1. Introduction

On the whole, most chemists feel much more �comfort-
able� when visualizing molecular electronic structure in
terms of position space (r-space) electron densities rather
than via the complementary momentum space (p-space)
representation. Nonetheless, studies of p-space densities
do go back to the early days of molecular quantum
mechanics, and there has been extensive literature over
the intervening decades, motivated in part also by various
experimental techniques [1,2] for which p-space interpreta-
tions are particularly convenient and/or appropriate. Fur-
thermore, similarity and dissimilarity indices based on
quantitative comparisons of p-space electron densities
q(p) have proved useful in a range of applications, mostly
related to the rationalization and prediction of drug activ-
ity. This has led ourselves, and also others, to explore the
possible use of appropriate p-space quantities as molecular
descriptors in QSAR and QSPR studies. This short contri-
bution reports some of our initial findings in this area. For
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the purposes of comparison, we have used exactly the same
experimental data sets as McCoy and Sykes [3–5] in their
exploration of possible p-space strategies. In spite of some
initial surprises, the prognosis does indeed appear to be
favourable.

2. Momentum-space descriptors

Our procedures for generating p-space densities from
conventional electronic structure calculations and for cal-
culating appropriate p-space integrals have been described
many times, and so we have chosen here to concentrate
only on recent developments. A useful introduction, with
references to much of the previous literature, is provided
in [6–11] Our primary concern in the present work is with
the possible direct use of moments of momentum

hpni ¼
Z

pnqðpÞdp ð1Þ

as descriptors in quantitative structure activity/property
relations. We consider values of n from �2 to +2, where
decreasing values of n place increasing emphasis on the
slower-moving valence electrons. We note that values of
Æpnæ have already proved useful for the qualitative classifi-
cation of reaction pathways [12] and for the quantitative
prediction of Hammett r constants [13].
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An alternative p-space strategy, pursued by McCoy and
Sykes [3–5], involves the angular integration

D2ðpÞ ¼
Z p

0

Z 2p

0

p2 sin hqðpÞd/dh ð2Þ

and then fitting of the low-momentum portion of D2(p) to a
quartic in p. The resulting expansion coefficients were used as
parameters in various multiple regression models, but incor-
porating also more conventional descriptors. Useful correla-
tions, with goodR2 values and relatively low standard errors,
were established for various molecular properties.

Instead of D2(p), we examined the radial integral

InðpmaxÞ ¼
Z pmax

0

pnqðpÞdp ð3Þ

and found that the dependence of In(pmax) on pmax, for a
given value of n, has much the same shape for a wide range
of molecules. Indeed, simple linear rescaling of the two axes
practically superimposes the curves for a given value of n,
at least up to 60% or so of the limiting value of In, i.e.
Æpnæ in Eq. (1). This suggests that there is somewhat less
information available than one might suppose from mul-
ti-parameter fitting of the low-p region of D2(p). As such,
it does seems particularly worthwhile to investigate
whether one could achieve useful correlations with small
numbers of p-space expectation values, thereby avoiding
the fitting (and, perhaps, over-fitting) of somewhat arbi-
trary segments of D2(p).

For this exploratory study, we considered many of the
same properties as McCoy and Sykes [3–5], adopting the
same experimental data for gas chromatography retention
times, gas-hexadecane partition coefficients, liquid densi-
ties, tadpole narcosis concentrations, fathead minnow tox-
icities, electric polarizabilities, and diamagnetic
susceptibilities.

The generation of momentum densities from conven-
tional r-space wavefunctions is, in general, entirely
straightforward, as is the subsequent integration so as to
obtain Æpnæ. However, given that an eventual aim is to use
appropriate p-space descriptors for the relatively rapid pro-
cessing of fairly large sets of molecules, it is important to be
able to use fairly inexpensive electronic structure calcula-
tions. With this in mind, we chose to work here with the
AM1 procedure in MOPAC [14,15], and we also used
geometries that were optimized only at this low level of the-
ory. Realistically, one might in due course need to be able
to use something even cheaper for large-scale routine stud-
ies of (typically) many thousands of molecules. On the
other hand, such a scheme is very unlikely indeed to distin-
guish properly between close-lying conformers.

3. Results and discussion

3.1. Gas-chromatography retention times

We considered the same set of 23 aliphatic and aromatic
molecules as McCoy and Sykes [4,5]. We had expected to
use a number of values of Æpnæ, corresponding to various
(non-integer) values of n from �2 to +2, but we soon dis-
covered rather good correlations between expectation val-
ues calculated with values of n that are reasonably close.
As such, it makes sense to restrict n to a very small number
of values. After various tests, also of correlations for other
properties, we settled on the integer values �2, 0 and +2.
Of course, Æp0æ is simply equal to the number of electrons
and Æp2æ is twice the kinetic energy. Bearing in mind the vir-
ial theorem, which relates the kinetic energy to the total en-
ergy, it seemed appropriate to select as descriptors our
computed value of Æp�2æ, as well as the number of electrons
N and the total energy E in the AM1 calculations. To this
trio, we added the relative molecular mass or �molecular
weight� M. All of our models in this Letter are linear in
the various descriptors, as was also the case for the work
of Sykes and McCoy [3–5].

We used linear regression facilities in a PC version of
SPSS, and subsequently obtained additional estimates of
the quality of the various models by using Microsoft Ex-
cel to compare the �predicted� and experimental quanti-
ties. In assessing the relative merits of our different
models, we monitored the standard SPSS analysis of var-
iance F statistic (which should be large) as well as the sig-
nificance value of the F statistic (which should be small).
A conventional criterion for the significance value of the
F statistic is that it should be less than 0.05. We found
in the present work that this quantity was typically in
the range 10�10–10�30, indicating that the success of a gi-
ven model in reproducing the variation in the data is
rather unlikely to be due to chance. An alternative meth-
od for evaluating the statistical importance of correlations
in QSAR studies, derived using geometric arguments, was
subsequently shown to be equivalent to the classical F sig-
nificance method [16,17].

The correlation between observed and predicted gas-
chromatography retention times was found to be fairly
good, as can be seen from Fig. 1a: we find R2 = 0.97
and a standard error of D = 0.49. There is certainly still
room for improvement, but the model is already of a
quality that is comparable to those described in various
previous studies. For example, McCoy and Sykes [4,5]
found R2 = 0.97 and D = 0.51 using five descriptors for
this data set. We assessed the importance of our four
descriptors (Æp�2æ, N, E and M) simply by noting the
change to R2 and D on leaving out one or more of them.
The worst of the three-descriptor models was found to be
the one that excludes molecular weight: it gives R2 = 0.86
and D = 1.06. The importance of including M turned out
to be a general finding for almost all of the properties we
considered. For the present case, the least important of
the four descriptors is the total energy: its exclusion from
the model results in R2 = 0.95 and D = 0.61. As measured
by the significance value of the F statistic, this
three-descriptor model is statistically less significant than
the four-descriptor model that also includes the total
energy.



Fig. 1. Correlation between predicted and observed data: (a) gas-chromatography retention times (in minutes); (b) gas-hexadecane partition coefficients,
expressed as log(L16); (c) tadpole narcosis concentrations, expressed as log(1/Cnar); (d) McGowan�s volume (arbitrary units). Experimental data are the
same as in [4,5].
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3.2. Gas-hexadecane partition coefficients

Gas-hexadecane partition coefficients, expressed as
log(L16) are of course widely used in structure activity stud-
ies. For the same set of 63 molecules as considered by
McCoy and Sykes [4,5], we find that a model based on just
four descriptors, namely Æp�2æ, N, E andM, gives R2 = 0.95
and D = 0.43 (see Fig. 1b), with M being the most impor-
tant of the four descriptors. McCoy and Sykes [4,5] do
not present statistics for this full set of molecules because
four fluorine-containing systems were obvious outliers in
their work. Using four descriptors for the reduced set of
59 molecules, they found R2 = 0.95 and D = 0.39.

3.3. Tadpole narcosis concentrations

Tadpole narcosis concentrations, expressed as log(1/
Cnar), were considered for the same 52 molecules as con-
sidered by McCoy and Sykes [4,5]. A three-
descriptor model, using Æp�2æ, E and M, gives a useful
correlation (see Fig. 1c) with R2 = 0.92 and D = 0.35.
As before, M was found to be the most important of
the descriptors: its exclusion from the model results in
R2 = 0.62 and D = 0.74. For these data, very little was
gained by using all four of our descriptors. With five
descriptors, McCoy and Sykes [4,5] obtained R2 = 0.93
and D = 0.33.

With the possible exception of the fathead minnow
data, which exhibited a little more scatter, we found
analogous high quality three- or four-parameter models
for all of the sets of experimental data have been
considered by McCoy and Sykes [3–5]. This fuelled a
growing uneasy feeling that both we and they were, per-
haps, doing too well. This suspicion was confirmed, to a
large extent, when we considered empirical molecular
volumes.
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3.4. McGowan volume

Given the obvious importance of the size of a molecular
system to many of its properties, it comes as no surprise
that molecular volumes have often proved useful in QSAR
and QSPR studies. A particularly straightforward empiri-
cal scheme for estimating molecular volumes, typically
for use in such studies, was proposed by Mellors and
McGowan [18]. In essence, one simply adds together a
set of fixed atomic values and then reduces the resulting
total by a fixed correction for each bond. In this
context, no distinction is made for the bond order or for
the type of bonding. The McGowan volume of ethyne,
for example, is simply the sum of the values for two H
atoms and for two C atoms, corrected for a total of just
three �bonds�.

We examined the McGowan volumes of the same 54
molecules as considered by McCoy and Sykes [4,5]. Using
only two descriptors, namely Æp�2æ and M, the quality of
the resulting model is remarkable (see Fig. 1d), with a value
of R2 that is practically unity. A similarly high value of R2

was obtained by McCoy and Sykes [4,5], using four
descriptors. By any objective measure, these results are sim-
ply too good, and they are suggestive of an alternative
explanation for the apparent success (for a range of molec-
ular property and activity data) of both our models and the
scheme used by McCoy and Sykes [3–5].

It now appears that many of these various properties are
much more �atomic� than we might have supposed, except
that we must take account of the number of bonds (in
the sense that this term is used when calculating McGowan
volumes). With this in mind we checked for all of the sets of
molecular property and activity data that we could estab-
lish just as good regression models (as measured by R2

and D) when using only the numbers of atoms of each type
and the numbers of �bonds�. The increased number of
descriptors did tend to lead to some increase in the signif-
icance value of the F statistic, indicating that the new mod-
els are statistically less important, but all of these values do
remain very small indeed. We also established that we
could make reasonable predictions of our calculated values
of Æp�2æ and E when using these very simple descriptors. It
seems almost inevitable that there must also be reasonable
correlations with atomic quantities, corrected for number
of �bonds�, for combinations of the quartic coefficients used
by McCoy and Sykes [3–5].

4. Summary and conclusions

It is now clear that moments of momentum Æpnæ
(�2 6 n 6 + 2), when augmented with the relative molecu-
lar mass or �molecular weight� M, may be used to construct
useful three- or four-descriptor models for a range of
experimental molecular property and activity data. As well
as the cases for which results have been presented here, we
successfully used the same basic approach for electric
polarizabilities, diamagnetic susceptibilities, liquid densities
and fathead minnow toxicities, again using the same molec-
ular data sets as McCoy and Sykes [3–5].

Our initial enthusiasm has been tempered by the reali-
zation that there appears to be a rather simple underlying
explanation for the success of our models and of those of
McCoy and Sykes [3–5]. In general terms, one can proba-
bly do just as well (as measured by R2 and D) with a much
simpler scheme that uses as descriptors only the numbers
of atoms of each type and the number of �bonds�. Of
course, one needs to be careful in this context to ensure
that there is a sufficient range of molecules, so as to avoid
situations in which there are just a few rather similar
molecules that contain a particular element. For all of
the cases that we considered, there is a significant
penalty on excluding the number of �bonds�, which is the
only �molecular� aspect of this rather trivial set of
descriptors.

Many types of descriptors, with some of them being
fairly complex, have been employed for the successful pre-
diction of wide ranges of molecular property and activity
data. Based on our results using values of Æpnæ, it is tempt-
ing to wonder whether the exclusion of molecular weight
from some of those models has led to an unnecessary in-
crease in the number of descriptors. The present study also
provides a salutary lesson: one might do well to investigate
why some of those models do so well. In particular, it could
be fruitful to ascertain the reliability, or otherwise, of the
much simpler atom-like scheme, based only on numbers
of atoms and bonds.

We find that our best results (as measured by R2 and D)
are obtained from hybrid models in which the numbers of
atoms and bonds are augmented with the values of Æp�2æ.
Although all descriptors are used simultaneously in the
multiple regression, there is a sense in which the antici-
pated role of Æp�2æ is to help to describe the �residue�,
i.e. that part of the data set that cannot be predicted only
from the simple atom-like model. With this in mind, we
have started to search for further p-space descriptors that
might prove quantitatively useful for refining the predic-
tion of molecular properties and activity data. Our initial
results [19] for a generalized �entropy-like� quantity appear
to be particularly promising, and further results will be
reported in due course. An ultimate aim is to identify
p-space quantities that could be useful additional descrip-
tors for the improved modelling of more challenging
problems, such as the brain–blood partitioning of organic
solutes.
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mentals of Molecular Similarity, Kluwer/Plenum, New York, USA,
2001, p. 169.
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