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Monte Carlo simulation of GaN/AlN and AlN/InN mixtures
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bstract

Exchange Monte Carlo calculations in the semi-grand canonical ensemble are used to determine the mixing properties of AlN with GaN and
nN in both the wurtzite and zinc blende structures. For InxAl1−xN solid solutions the difference in structure is reflected in the properties of the

hase diagrams. The calculated consolute temperature is ≈150 K greater for the cubic phase. The calculated phase diagrams for the two structures
re significantly asymmetric with the maximum in the binodals lying markedly on the Al rich side. The GaxAl1−xN solid solution is almost ideal
nd no observable difference between the phase diagrams for the hexagonal and cubic structures.
 2007 Elsevier B.V. All rights reserved.
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. Introduction

The last decade has seen remarkable progress in the devel-
pment of optical and electronic devices such as light-emitting
iodes and laser diodes, based on the group-III nitrides AlN,
aN, InN and their alloys. Important examples are active
ptoelectronic devices operating in the green, blue and ultra-
iolet spectral region [1]. The band gaps of InN, GaN and
lN are 1.89, 3.44 and 6.28 eV, respectively [2]. Alloys of

hese end members have been fabricated in order to “engi-
eer the band gap” and thus manufacture materials for novel
evices.

Understanding the thermodynamic properties and atomic
tructure of InxAl1−xN and GaxAl1−xN alloys is crucial to the
ystematic fabrication and development of ultraviolet and visi-
le optoelectronic devices and multiple quantum wells (MQWs).
or eample, GaN/AlGaN MQW’s have been grown on (101̄2)

l2O3 [3] and (100) LiAlO2 [4]. An understanding of the phase
ehaviour of these materials is required for the development and
abrication of novel devices. Under ambient conditions GaN,
nN, AlN and their alloys have been observed to crystallise in
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he hexagonal wurtzite structure [5]. A common feature of the
itride alloy epitaxies is the strain due to the lattice mismatch
nd different thermal expansion coefficients. The ionic radii for
l, Ga and In in fourfold coordination are 0.39, 0.47 and 0.62,

espectively [6] For alloys the large difference in the equilibrium
attice constants and bond lengths may result in internal strain
nd phase separation.

Because of the potential applications of InxAl1−xN and
axAl1−xN alloys, there have been a number of theoretical stud-

es of the mixing properties of AlN–InN and AlN–GaN and
nN and these have included both the delta-lattice-parameter
odel [7], valence force field [8] and electronic structure cal-

ulations [9–11]. However, these studies have often relied on a
imited number of atomic configurations, ignored the difference
n crystal structure of the wurtzite and zincblende phases and
xcluded the influence of lattice vibrations on the mixing proper-
ies of InxAl1−xN and GaxAl1−xN alloys. In this paper analytical
otentials are derived for the Al–In–N system by fitting to
xperimental properties of the end member compounds. These
mpirical potentials are used to calculate directly the phase dia-
ram from atomistic Monte Carlo simulations that allow us to
onsider the full structural relaxation around each ion present,

umerous ionic configurations and thermal/vibrational effects
n the crystal structure and phase diagram. We interpret and
ompare the mixing properties of InxAl1−xN and GaxAl1−xN in
oth wurtzite (h-) and zinc blende (c-) forms.
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Table 1
Interatomic pair potential parameters for the AlN system

Atom types A (eV) ρ (Å) C (eV Å6)

N–N 21751.84 0.2688 20.0
Al–N 851.149 0.2985 0.00
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. Methodology

The basis for our calculations is the well-known Monte Carlo (MC) method
odified as described below. In simulations of ionic non-stoichiometric mate-

ials using “standard” MC, kinetic barriers prevent sampling the whole of the
onfigurational space since almost always only one cation arrangement (the ini-
ial configuration), chosen at random, is sampled. We only describe briefly the

onte Carlo exchange (MCX) technique, since it has been discussed in detail
n our previous papers [12,13]. In order to calculate the phase diagram both the
tomic configuration and the atomic coordinates of all the atoms in the system
re modified. In any one MC cycle one of four alterations to the system are made
t random.

(i) an atom is displaced by a random amount. The maximum changes in the
atomic displacements are governed by a variable rmax. The magnitude of
this parameter is adjusted automatically during the simulation to maintain
an acceptance/rejection ratio of approximately 0.5.

(ii) a change in cell volume. The parameter vmax controls the maximum allowed
change in volume and is controlled in a similar manner to rmax. The external
pressure applied to the cell was set to 105 Pa.

iii) attempted exchange of In(Ga) and Al ions using an exchange bias tech-
nique.

iv) a semi-grand canonical substitution [13,14]. In this method we evaluate
the potential energy change �UB/A which would result if one species, B
were to be converted into another, A. This change in energy is related to
the corresponding change in chemical potential ��B/A by,

μB/A = −kBT ln
〈

NB

NA + 1
exp

(
−�UB/A

kBT

)〉
. (1)
The semi-grand canonical ensemble is used in preference to the grand canon-
cal ensemble since good statistics for �μB/A can readily be achieved. The
alculated values of �UGa/In are used to determine the excess free energy of
ixing as described below. The Metropolis algorithm [15] is used to accept or

eject any move, volume change or ion exchange. The Monte Carlo calculations

3

a

able 2
alculated and experimental properties of AlN

roperty AlN (this work)

urtzite phase
Lattice parameters (Å)

a 3.142
c 5.043
Al–N distance (Å) 1.8998

1.9564
Lattice enthalpy (eV/ion) −21.37

Elastic constants (GPa)
C11 440.6
C12 151.6
C13 149.0
C33 393.5
C44 138.6

inc blende phase
Lattice parameters (Å)

a 4.418
Al–N distance (Å) 1.913
Lattice enthalpy (eV/ion) −21.32

Elastic constants (GPa)
C11 341.2
C12 191.1
C44 170.6

ur results are compared to experiment [17,18], ab initio calculations [19] and previ
a Edger [17].
b Reeber and Wang [18].
c Kim et al. [19].
he parameters are for the Buckingham pair potential Vij = A exp(−rij/ρ) −
r−6
ij (see text). The parameters for GaN and InN are identical to those in [16].

ere based upon simulation cells consisting of 256 ions (4 × 4 × 4 unit cells)
nd 216 ions (3 × 3 × 3 unit cells) for the wurtzite and zinc blende structures,
espectively. The number of iterations for each simulation consisted of 2 × 106

nd 5 × 107 cycles for the equilibration and production stages, respectively.
The potential model we have adopted for our simulations consists of a long-

ange Coulombic term and a short-range potential Vij of Buckingham form:

ij = A exp
(

− rij

ρ

)
− Cr−6

ij . (2)

here rij is the interionic separation between ions labelled i and j, and A, ρ and C
re parameters obtained as described below. The derivation of the potential model
as been discussed in detail in a previous paper and the potential paremeters
or GaN and InN were presented in this paper [16]. The paremeters for AlN
ere obtained by fitting to the structure and elastic properties. The resulting

nteratomic potentials for AlN are listed in Table 1 and in Table 2 we compare
esults obtained with our new potential with experiment [17,18] and with values
alculated in [19,20]. The values of our final calculated properties are in excellent
greement with experiment.
. Results and discussion

The Monte Carlo calculations were performed on AlN–InN
nd AlN–GaN solid solutions adopting both the wurtzite and the

AlN (experiment/ab initio) AlN [20]

3.113a 3.112
4.981a 4.970
1.8778a 1.8846
1.8992 1.9167

−21.75

410.5b 417.4
148.5b 178.1

98.9b 152.0
388.5b 432.0
124.6b 124.6

4.32–4.42c 4.368
1.8915

−21.71

304–348c 320.1
152–168c 211.1
135–199c 182.4

ous atomistic calculations using shell model potentials [20].
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ig. 1. Calculated values of the enthalpy of mixing, �Hmix, eV per cation–anion
air for h-InxAl1−xN (a) and c-InxAl1−xN (b).

inc blende structure. During the production part of the calcula-
ions we monitored the enthalpy of the system and the chemical
otential difference between Ga and In ions.

We consider first the enthalpies of mixing, �Hmix, and their
ariation with composition. Fig. 1a and b display the calcu-
ated values of �Hmix for the h- and c- InxAl1−xN solutions
ver a range of temperatures. The curves have a maximum
t x ≈ 0.50. But they are not symmetric about the maximum
ith higher values of �Hmix on the Al rich side, i.e. the AlN

nd member accomodates In less readily than the InN lattice
oes Al. The phase with the smaller atom as the major species
s thus less tolerant of the larger ion as a dopant than the
everse, in keeping with the general form of the cation–anion
nteratomic potential. It is important to stress that the method
pplies no constraints on the form and symmetry of the �Hmix
ersus composition curve. The calculated values of �Hmix at

200 K for h- and c- InxGa1−xN at the maximum are ≈0.13
nd 0.14 eV per cation–anion pair, respectively, i.e. the mag-
itudes of the enthalpy of mixing at 2200 K for the zinc
lende and wurtzite structures are similar. Our calculated val-

t
i
t
a

ig. 2. Calculated values of �Hmix (eV per cation–anion pair) for c-GaxAl1−xN.

es of �Hmix are slightly greater than the value of ≈0.1 eV
er cation–anion pair for the cubic phase in [10,11] but less
han the values of 0.16 eV per cation–anion pair reported in
10] for the hexagonal phase (Ref. [10] employed a generalised
uasichemical model fitted to ab initio pseudopotential calcu-
ations). The difference in energy for the h- and c-InxAl1−xN
ited in [10] is approximately 0.6 eV per cation–anion pair and
s much greater than the difference observed in our calcula-
ions. The maximum values of �Hmix for h- and c-GaxAl1−xN
re 0.005 and 0.006 eV per cation–anion pair, respectively and
he curves are almost symmetric (c-GaxAl1−xN is displayed in
ig. 2). The calculated values in [10] are 0.01 and 0.006 eV
er cation–anion pair for h- and c-GaxAl1−xN, respectively.
his maximum value in �Hmix for GaxAl1−xN is much lower

han for the InxAl1−xN and InxGa1−xN [16] alloys as would
e expected from the small difference in ionic radii of Al
nd Ga.

The calculation of the phase diagram requires the determi-
ation of free energy differences rather than absolute values,
hich can be achieved using the semi-grand canonical ensem-
le described above. We show the calculated values of �μAl/In
n Fig. 3a and b for both the wurtzite and zinc blende structures
f InxAl1−xN, respectively. In Fig. 4 we present only calculated
alues of �μAl/Ga for the zinc blende phase of GaxAl1−xN, since
he results for the cubic and hexagonal phases are almost identi-
al. The existence of a minimum and maximum in a �μ(x) curve
ndicates a miscibility gap at that temperature. For both phases
f InxAl1−xN it is clear from the shape of these curves that 1900
nd 2100 K correspond to temperatures below the consolute tem-
erature TC, and the formation of one- and two-phase regions
t different compositions. At 2100 K the stationary points have
lmost disappeared as this tempreature is just below TC. At
300 and 2400 K for the h- and c-InxAl1−xN, respectively, the
tationary points are not present, as is clear from Fig. 3, and

hese temperatures are above the consolute temperature. A sim-
lar conclusion can be drawn for GaxAl1−xN (Fig. 4), in which
he stationary points evident at 100 K are absent at 150 K. In
ddition, the shape of the curves for h- and c-InxAl1−xN exhibit
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Fig. 3. Calculated variation of �μGa/In (=μIn − μAl) as a function of InxAl1−xN
alloy composition for (a) wurtzite; and (b) zinc blende structures.

Fig. 4. Calculated variation of �μAl/Ga (=μGa − μAl) as a function of
GaxAl1−xN alloy composition for the zinc blende structure.
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ig. 5. Calculated variation of �Gmix for InxAl1−xN with alloy composition for
a) wurtzite; and (b) zinc blende structures.

ignificant differences and we expect this to be reflected in the
alculated phase diagram.

To calculate the phase diagram, the calculated values of
μ(x) are fitted [13] to Eq. (3), as shown by the full lines in
ig. 3:

�μ

kBT
= ln

(
x

1 − x

)
+ ax + bx2 + cx3. (3)

By integrating Eq. (3) with respect to composition we obtain
he variation in free energy with x at each temperature. In Fig. 5a
nd b we plot calculated values of ΔGmix versus x over a range of
emperatures for h- and c-InxAl1−xN, respectively. Fig. 5 con-
rms that for h- and c-InxGa1−xN at 1900 and 2100 K, one-
nd two-phase regions are formed at different compositions, and
ence that this temperature lies below the consolute temperature.

t 2300 and 2400 K, the dependence of �Gmix(x) at all com-
ositions is consistent with complete miscibility for both h- and
-InxAl1−xN, respectively. Given curves as in Fig. 5, a straight-
orward common tangent construction at each temperature yield
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ig. 6. Calculated phase diagram for (a) h- and (b) c-InxAl1−xN. Solid squares
ark the binodal and solid circles the spinodal.

he phase diagrams in Fig. 6a and b. Thus, by performing calcu-
ations at several temperatures, the consolute temperatures were
etermined to be 2225 ± 13 and 2375 ± 13 K for the hexagonal
nd cubic phases, respectively. The consolute temperature calcu-
ated using alternative methodologies range from 1474 to 3400 K
14–17]. As in the calculations reported in [10], we find that the
inodal curves are highly asymmetric, and slanted towards the
l end member such that the apex is at x ≈ 0.2, i.e. the Al ion

s more soluble in InN than In in AlN. Although the conso-
ute temperature of both phases is similar, there are important
ifferences between the phase diagrams. The phase diagram for
-InxAl1−xN is more asymmetric than that for the cubic form and
l is more soluble in h-InxAl1−xN than in c-InxAl1−xN. Calcula-

ions on InxGa1−xN have also also demonstrated an asymmetry
ut to a lesser extent [16] As expected the InxGa1−xN phase
iagram is almost symmetric and demonstrates that mixing of
aN and AlN is almost ideal (Fig. 7). The spinodal curves are
lso plotted in the phase diagrams in Figs. 6 and 7 and define the
egion where a single phase is kinetically as well as thermody-
amically unstable with respect to the formation of two separate
hases.
ig. 7. Calculated phase diagram for c-GaxAl1−xN. Solid squares mark the
imodal and solid circles the spinodal.

. Conclusions

We have derived a set of interatomic potentials for the system
lN and employed these potentials with those of [16] to study

he Al–In–N and Al–Ga–N systems. These potentials have been
emonstrated to reproduce accurately the properties of the end
ember compounds. The MC calculations, based on these inter-

tomic potentials, have been undertaken to calculate the phase
iagrams of InxAl1−xN and InxGa1−xN. The MC calculations
ake into account local relaxations and the vibrational effects
f the ions and can be applied to different crystal structures of
he same compound. With this in mind, we have determined the

ixing properties of AlN and InN/GaN in both the wurtzite and
inc blende structures. The difference in the enthalpies of mixing
s reflected in the structure of the phase diagrams. The calcu-
ated consolute temperature for the InxAl1−xN solid solution
s approximately 2225 and 2375 K for both the hexagonal and
ubic phases, respectively. The phase diagram has a pronounced
ssymmetry, which is a result of asymmetry in both the excess
nthalpy and excess entropy of mixing. For InxGa1−xN, mix-
ng is almost ideal and for the two structures an identical phase
iagram is observed (within uncertainties in the calculation).
e hope our paper prompts further experimental studies of this

nteresting system and we hope to develop our computational
ork to include surfaces and thin films.
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