Freezing of binary mixtures of colloidal hard spheres
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The freezing phase transition in a binary suspension of colloidal hard spheres of diameter ratio
a = (.61 was studied by light scattering and scanning electron microscopy. The suspensions
consisted of sterically stabilized poly{(methyl methacrylate) spheres of diameters about 670
and 407 nm suspended in a near refractive indexed matched suspension medium composed of
carbon disulphide and cis-decalin. With increasing volume fraction, binary suspensions of
number fraction of larger component 4 x, > 0.43 crystallized to give irregularly stacked close
packed crystals containing almost entirely component 4. As the number fraciion x, decreased,
the rate of crystailization decreased. Suspensions of x ; ~0.28 remained amorphous and
showed glassy behavior. Suspensions of x, = 0.057 showed a complex sequence of phase
behavior with coexistence of crystals of component B, the ordered binary alloy phase 4B, and
a binary fluid. En suspensions with x; <0.057, the only solid phase cbserved was irregularly
stacked close packed crystals of component B. The observed phase behavior is compared with
the predictions of a model for freezing of a mixture of hard spheres which are assumed to be

immiscible in the solid phase.

I INFTRODUCTION

Suspensions of monodisperse colloidal particles are
known to undergo a freezing transition from a disordered
fiuid phase to an ordered crystal structure with an increase
in particle volume fraction. The aim of the present work is to
investigate experimentally this fluid—solid phase transition
in 2 binary mixture of colloids (diameter ratio
o =0.61 4+ 0.02) for which the interparticie potential is
steeply repulsive and closely approximated by a hard sphere
interaction. The freezing of Hiquids made up of atoms which
interact through a hard sphere potential has been extensively
studied by computer simulation.” Although less attention
has been paid to the more complex case of the freezing of
binary mixtures, a mixture of hard spheres provides a natu-
ral reference state from which to interpret the observed var-
iety of binary phase diagrams.

Binary hard sphere mixtures of all diameter ratios « are
expected to be completely miscible in the fluid phase.” By
contrast, simple packing arguments suggest the composition
and structure of the equilibrium solid phase is determined
primarily by the size ratio a. Density functional calcula-
tions” suggest that spheres of comparable diameters crystal-
lize into disordered {ace-centered-cubic (fce) structures. As
the diameter ratic a decreases the degree of mutual solubil-
ity decreases and the phase disgram changes from a spindie
shape to an azeotropic diagram and firally into a eutectic
diagram. At the most extreme size ratic reported”® of
a = (.85, the solid phase separation results in a pure fcc
crystal of small spheres and a substitutionally disordered fcc
crysial containing largely big spheres. Spheres of smaller di-
ameter ratios can form ordered binary alloy structures. For
example, if the larger spheres form a close packed foc struc-
ture, then there are octahedral interstitial holes thai can ac-
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comodate spheres of diameter ratic a<vZ — 1 and tetrahe-

dral holes of diameter ratic | 6 — 1. A simple free volume
argument suggests binary structures with close packed den-
sities in excess of the ciose packed volume fraction for mono-
disperse spheres of @ = 0.7485 should be preferred at least at
high pressures. Although the structures formed at freezing
are not close packed (in the sense that the particles are not
touching), it seems reasonable to expect similar structures
will be important. Sanders and Murray® have calculated the
close packed densities of a wide range of binary alloy struc-
tures. With decreasing size ratio, the number of potential
structures increases rapidly, but for a>vZ — 1 high density
close packed binary alloys are found for size ratios of
o = (.566 {cubic 4B ;, ¢ = 0.760)}, = 0.527 (hexagonal
AB,, ¢ =0782), and a =0.414 (cubic 48, ¢ =0.793)}.
Rather surprisingly, recent density functional calculations’
of the freezing of hard sphere mixtures (1:1 number ratio)
predict that the stable solid phase at freezing for all size ra-
tios is the disordered fec structure. In binary systems of
small size ratios, partially frozen crystal structures are geo-
metrically possible. In such structures, the larger component
is localized, while the smaller second component is free to
diffuse throughout the crystal lattice. Computer simulation
studies® have shown that a diameter ratio no larger than 0.4
can be tolerated in a fcc latiice without both components
becoming either localized or fluid.

The similarity of concentrated colloidzl suspensions to
simple liquids makes them ideal candidates to test experi-
mentally both equilibrium and nonequilibrium theories of
the condensed phase. If the suspension medivm is regarded
as a continuous background, a colloidal suspension is ther-
modynamically equivalent o a system of inferacting parti-
cles,”® in which the interparticle potential (or strictly the
potential of mean force) implicitly includes all solvent corre-
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lations. As systems for experimental study, particle suspen-
sions have several advantages compared with simple liquids.
Binary suspensions of alimost any size ratio may be studied
since particles can by synthesized with a wide range of parti-
cle sizes.” Nonequilibrium processes such as glass forma-
tion'® and shear-induced order,'’ which are not readily ob-
servable in simple liguids, may be studied in a colioidal
suspension as a result of the long relaxation time for particle
diffusive motion. Experimental observation is greatly facili-
tated by the large interparticle spacing. Structural informa-
tion may be derived from light scattering, electron micros-
copy, or in favorable cases directly from optical
microscopy.

The colloidal particies used in the present work consist-
ed of a poly (methyl methacrylate) (PMMA) core coated by
a covalently grafted outer layer of 2 comb polymer, poly{ 12-
hydroxy stearic acid) (PHS) dispersed in a refractive index
matching mixture of carbon disuiphide and cis-decalin.
Nearly transparent suspensions at high number densities can
be prepared allowing detailed studies by light scattering.
This is 2 well-characterized model colloidal system which
has been used in a range of previous studies.'®!?13-7 In g
nonpolar medium, electrostatic effects should be negligible,
while the attractive interparticle (van der Waals) forces are
expected to be minimized by matching the medivm and par-
ticle refractive indices. Consequently the interparticle poten-
tial should be purely repulsive arising only from the com-
pression of the densely packed grafied chains. While the
precise magnitude of the steric repulsive potential is uncer-
tain, the distance dependence of the interaction between ter-
minally attached polymer layers in a good solvent has been
predicted by scaling arguments'® and is in close agreement
with direct force measurements.'® Both theory and experi-
ment show the interaction potential to be steeply repulsive
and insignificant when the surfaces of the core particles are
separated by more than twice the mean thickness of the
grafted layer. The steepness of the interparticle repulsive po-
tential may be estimated from the measured mean thickness
(=10 nm) of the PHS layer'® and the estimated mean dis-
tance between PHS anchor peints { =3 nm). For a sphere of
radius 200 nm, the interparticle potential is negligible for a
surface-to-surface separation greater than 20 nm and pre-
dicted to be of the order of 10 kT for surface separations of
17-18 nm. This is in approximate agreement with osmotic
pressure measurements made on this system.'> While there
is some evidence for the interaction potential between small
PMMA particles to be slightly “‘soft,”'® all measurements
reported below were made on particles with radii greater
than 200 nm and in this case the potential curve should be
closely approximated by a hard sphere interaction.

The assumption of a hard sphere interaction is support-
ed by a variety of experimental evidence. Earlier studies'” of
similar particles have shown that a concentrated one compo-
nent suspension shows, with increasing concentration, the
full range of phase behavior, predicted for a hard sphere
system, of colloidal fluid, celloida! crystal, and colloidal
glass. Static light scattering measurements'® have estab-
lished that the osmotic compressibility closely follows the
predictions of the Percus~Yevick equation of state for hard

spheres. A detailed analysis'’ of the scattering from the col-
loidal crystal phase is consistent with the very small energy
difference between face-centered-cubic and hexagonal ciose
packing predicted by computer simulations®® of hard
spheres.

Ordered alloy structures have been observed previously
in aqueous binary mixtures of coiloidal polystyrene
spheres.'? In contrast to the work reported here, the polysty-
rene spheres interact through a long range (soft) screened
Conlombic potential. Optical microscopy was used to deter-
mine the alloy structures formed in the turbid suspensions,
s0 observations were limited to near cell walls where surface
effects could well be important.

This paper is organized as follows: In Sec. II, we discuss
sample preparation, scanning electron microscopy, and light
scattering measurements. The experimental phase behavior
found in binary suspensions is described in Sec. Ifl. In Sec.
1V, the phase behavior of 2 mixture of hard spheres, which
are assumed to be totally immiscible in the solid phase, is
calculated from accurate statistical equations of state. The
calculated fluid-solid phase equilibria are presented in &
form appropriate for direct comparisor with our constant
volume measurements, reported in Sec. IIL. In addition, we
discuss how the phase equilibria in an experimental system
might be expected to deviate from the calculations in the
victnity of a eutectic. In Sec. V, we compare our experimen-
tal results with the predictions of this simple model.

. EXPERIMENTAL DETAILS
A. Sample preparation

Colloidai PMMA. particles were synthesized by a one
step dispersion polymerization® using methods previously
described. Transmission electron microscopy, dynamic light
scattering,”! and light crystallography were used to deter-
mine the number average particle diameters and their poly-
dispersities (standard deviation divided by the mean size}.
The results are listed in Table I. Although there is a slight
variation in the mean diameter between different measure-
ments, the diameter ratio is fairly constant at 0.61 + 0.02.

Colloidal suspensions were prepared using a mixture of
cis-decalin and carbon disulphide {CS, mass fraction 0.245)
whose composition was adjusted to match the mean particle
refractive index of 1.508 at a wavelength of 568.2 nm and
22.0°C. Although carbon disulphide is adsorbed preferen-
tially in the PMMA core,” the consequent increase in parti-
cle radius is relatively small. Measurement by light scattes-

TABLE I. Number average diameters of colloidal particles and their poly-
dispersities determined from transmission electron microscopy (TEM),

dynamic light scattering (DLS), and light crystallography (LC) measure-
ments.

Diameter (nm) Polydispersity

System TEM DLS LC TEM DLS
Component 4 648 4-32 1 6704 10 1641 46 40% 28%
Component B 430422 § 407+ 101398+ 6 5.4% 4.3%

Diameter ratio e 0.66 -+ G.0510.61 -+ 0.020.62 + 0.01
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TABLE I1. Experimentally determined core volume fractions at freezing (¢ §) and melting (¢}, ) for suspen-
sions of colloidal components A and B. The scaled volume fractions correspond to an effective hard sphere
diameter of 0 = O, + 247, Where 0,4 is given in Table 1 and Ar is the effective adsorbed layer thickness

1301

given below.

Core volumes

Scaled volumes

System @5 @ om &r
Component A 0.419 + 0.005 0.463 + 0.005 0.494
Component B 0.407 + 0.005 0.448 4 0.005 (.494

@ Ar (nm)
0.545 + 0.006 89+ 14
0.543 4+ 0.006 136409

ing of the radius of gyration of component 4 as a function of
medium refractive index (for a description of the theory see
Ref. 23) indicated that the geometric particle radius in-
creased by less than 39 in the carbon disulphide/decalin
suspension medium. As a result of this swelling by carbon
disulphide, and because of incomplete characterization of
the PHS coating, it is impossible to caiculate reliably the
suspension volume fraction. As in previous studies,'” the in-
terparticle potential is assumed to be hard sphere and the
concentration at which crystallization of each pure compo-
nent first occurred was identified with a hard sphere volume
fraction of 0.494, as determined by computer simulations.”
Al other concentrations were scaled by the same factor to
provide effective hard sphere volume fractions. The volume
fraction of the crystal phase at melting was identified with
the lowest suspension concentration at which the equilibri-
um crystal phase fully occupied the cuvette. The concentra-
tion or core volume fraction of PMMA in the suspensions
was calculated from mass measurements using literature
values for the component densities. In Table [I, the experi-
mentally determined core volume fraction (@ ;) of the fluid
phase at crystallization and the volume fraction of the crys-
tal phase at melting (@ §, ) are listed together with the resuli-
ing scaled freezing (@;} and melting (@, ) effective hard
sphere volume fractions for each component. The difference
between the total volume fraction and the core volume frac-
tion may be attributed to an effective adsorbed layer thick-
ness Ar. Table IF shows that the effective adsorbed layer
thickness is slightly in excess of the mean adsorbed laver
thickness of 10 nm determined by small angle neutron scat-
tering measurements.'® This difference probably reflects the
extent of the swelling of the PMMA core due tc penetration
of carbon disuiphide. Calculations for inverse power poten-
tials' have shown that the fractional volume change upon
melting is a very sensitive function of the steepness of the
repulsive potential. The close agreement between the melt-
ing volume fraction given in Table II and the computer sim-
ulation result for hard spheres®® of 0.545 supports the as-
sumption of a steeply repulsive potential.

Optically matched binary suspensions were prepared by
adding a2 weighed amount of a suspension in cis-decalin
{@=0.3) of each component into a 1 cm square cross-sec-
tion optical cuvette. A weighed quantity of carbon disul-
phide was added to match approximately the refractive in-
dex of the latex particles. The sample was then concentrated
by centrifuging at 2000 g for at least five hours and the subse-
quent removal of 2 measured mass of supernatant. Redisper-
sal of the particles by extensive tumbling ( =0.2 Hz) pro-

vided the desired concentrated suspensions. With careful
sealing of the cuvette, evaporation of volatile carbon disul-
phide was negligible over 2 period of several months.

The binary suspension was characterized by the overall
number fraction x, of larger spheres and the overall total
volume fraction g, or if appropriate by the volume fractions
@4 and @, of each component

@=@; + @y = (Ps0s +Pata)s X4 ":‘“’B’i“"“’
6 PsatPs

H
where p; is the number density of component ¢ and o, the
particle diameter. Subscripts [ and s refer to the fluid and
solid phases, respectively, where a distinction is made be-
tween the overall volume fraction ¢ and the volume fraction
of constituent phases (¢, and @, }. Samples were prepared at
13 different number fractions x , spanning the composition
range from x, = 0 (pure component B) to x, = ! (pure
component 4). At each composition, samples were prepared
with a range of total volume fractions chosen to span the
region of fluid/solid coexistence. A toial of 35 samples was
prepared.

B. Crystallization

Light scattering measurements made on suspensions
immediately after tumbling indicated that the particles were
homogeneously randomized consistent with a degree of
short range order, i.e., they were in an equilibrivm or meta-
stable fiuid state. In single component suspensions of con-
centration in excess of the freezing density ¢, small (homo-
geneously nucleated) Bragg reflecting crystallites formed
throughout the bulk of the sample. For ¢, <@ <@,,, the
crystallites settled under gravity as a comseguence of the
higher density of the crystalline phase compared with that of
the coexisting Auid phase and a well-defined boundary be-
tween the solid and coexisting fluid phase developed. From
the height of this boundary, the equilibrium volumes of the
solid (¥} and fluid phases (¥,) were determined. The
phase volume of the solid phase (%, ) isdefined by w, = ¥,/
V. -+ V;. In single component suspensions, the phase rule
ensures that at equilibrium the solid sediment must be a sin-
gle homogeneous phase. In binary systems, the additional
degree of freedom removes this constraint and a solid sedi-
ment, which remains in equilibrium with a fiuid phase, may
consist of up to two distinct solid phases. In our experiments,
the relative volume of each solid phase is not distinguished.
The measured solid phase volume 7, refers to the total vol-
ume of all the high density solid phases which separate under
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gravity from a coexisting single fluid phase. Experimental
observations discussed in Sec. I1I indicate that under certain
conditions the solid sediment formed from a crystallizing
binary suspension consists of both crystalline and amor-
phous phases.

In contrast to single component systems in which crys-
tallization, within the phase coexistence region, was essen-
tially complete within a few days, the crystallization of bina-
ry samples was appreciably slower. In extreme cases, the
gravitational sedimentation velocity of a crystal nucleus, or
even the individual particles, may become comparable to the
growth velocity of the crystaflite-floid interface. In such a
case, gravitational settling dominates the observed phase be-
havior and dense amorphous sediments are found, often
with a crystailine phase above (see Ref. 25 for a discussion of
the analogous behavior observed in single component sus-
pensions). The effects of gravity may be greatly reduced by a
slow rotation of the samples in a vertical plane, so the time-
averaged vertical sedimentation velocity of a particle relative
to the suspension is zero. In effect the samples are subjected
to (time averaged) zero gravity conditions. At an angular
frequency of w = 27 rad day ™', samples remained homoge-
neous and crystallization proceeded throughout the sample
volume. At any point, the sample could be subjected to “‘nor-
mal” gravity forces by stopping the rotation so that solid and
fluid phases separated.

Continuous rotation of the sample imposes a roughly
constant strain rate y upon the suspension. By considering
planes of particles perpendicular to the rotating radius vee-
tor, the strain rate ¥ is seen to be comparable to the anguiar
frequency w. The reiative importance of an applied strain
rate ¢ and Brownian diffusion in determining the equilibri-
um structure may be gauged from the magnitude of the di-
mensionless Peclet number Pe = y7, where , is a Brownian
diffusion relaxation time. The relaxation time corresponds
to the time for self-diffusion over a distance comparable to
the particle radius and is given as 7, = 0°/24 D, ( =4sinour
system), where ¢ is the particle diameter and D, is its self-
diffusion constant. Insignificant distortion of the equilibri-
um structure occurs for Pe<1, where Brownian motion
dominates shear forces. For our system, the estimated Peclet
number is less than 1077, so that the equilibrium structure
should be negligibly perturbed by siow rotation. This is in
agreement with the experimental observation that slow tum-
bling does not aiter significantly the equilibrium phase vol-
umes for samples where cystallization is rapid and hence
unaffected by gravitional settling.

C. Light scattering

Light scattering studies of the suspension structure were
made using an automated diffractometer with an angular
resolution of ~(0.25°. Samples were mounted in the center of
a cylindrical index matched bath of decalin—tetralin (refrac-
tive index =~1.52) held at a constant temperature of
22.0 4- 0.1 °C. An expanded krypton ion laser beam illumi-
nated a scattering volume of approximately i cm’, typically
containing in excess of 10° randomly orientated cystallites.
Scattered light was focused by the cylindrical bath onto ver-
tical slits placed in front of a2 photomultiplier. The photo-
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multiplier was mounted on a computer controlled turntable
and angular scans were made from a scattering angle of
2¢ = 20° to 140" in steps of 0.25°. The magnitude of the scat-
tered wave vector, given by ¢ = (47n/A)sin &, was deter-
mined from the laser wavelength (1) and the measured sus-
pension refractive index (m). Each experiment lasted
approximately 10 min.

Difficulty in the accurate determination of the zero of
the angular scale introduces a systematic error into the angu-
lar position of the diffracted beam. For a cubic crystal, the
angular error Ad restlts in an uncertainity in the lattice
spacing of A« given by

ha=-—2_ AS. (2)
tan
This systematic error was minimized by extrapolating the
measured lattice parameter, from each sharp reflection, to
/tan d = 0.

D. Scanning electron microscopy

In a few representative samples, the structure of the col-
loidal solid phase was studied by scanning electron micros-
copy. After the separation of the solid and fluid phases was
complete, the colloidal fluid was carefully removed with a
Pasteur pipette. The remaining solid phase was dried by al-
lowing the suspension medium to evaporate naturally over a
period of several months. The dried solid material was sput-
ter coated with a thin film (=15 nm thick) of gold and
viewed directly in a Hitachi S-2300 microscope. Correlation
of the observed structures with the results of light scattering
measurentients suggested that in the majority of cases this
procedure produced little disruption of the colloidal struc-
tures initially present.

tHi. RESULTS

In Table II1, the measured freezing data for the binary
suspensions are listed in order of decreasing number fraction
x, of the overall sample. Samples were slow tumbled
{w=1x107° Hz) for total periods of up to three months
and regular cbservations were made to check the approach
to the equilibrium {metastable) lattice parameters (equal to
VZ times the particle center-to-center separation).

Measurement of the scattering from the samples at equi-
librium showed four distinct types of fluid-solid phase be-
havior. The approximate positions of the boundaries delin-
eating the behaviors are represented by the dotted lines of
constant number fraction x, in the @, @, plane of Fig. 1.
{(In Figs. 3~6, scattered intensity profiles from typical sam-
ples, characteristic of each region of phase behavior, arc giv-
en. We shall consider each in detail. )

A. Region |

For x4 £ 0.43, all samples of sufficiently high total voi-
ume fraction showed colloidal crystal formation except for
the highest density sample (23} which remained glassy and
did not crystallize during our experiments. The rate of crys-
tajlization was cbserved to decrease rapidly as the initial
number fraction x , was reduced from unity and approached
x, = 0.43, although a quantitative study of crystallization
rates was not made.
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TABLE L Freezing data for suspensions of colloidal hard sphere components and their mixures. The quantity %, is the fractional sample volume occupied
by the solid phases, 4., and a,,;, are the measured and predicted equivalent foc lattice parameters.

Suspension details Observed phase behavior Predicted phase behavior
Sample
number  x, ¢ B, b o3 Gy (nm}  Phases present™ g, G (nm)  Phases present”’
8 1.00 0.523  0.523 0.000 0.56 1004 A + finid 0.56 1004 4 + fluid
30 0.934 0.543  0.536 7.78x 107 030 986 4 + fiuid 0.64 991 4 + fluid
28 0.921 0.545 0534 1.04x 1072 075 e e 0.61 938 A4 + fluid
29 0.885 G546  0.530 1.56x 1072 072 0.56 984 A + fluid
27 0.795 0.545 0515 30ix10°? 057 976 A4 + fluid 0.46 977 A + fluid
34 0.732 0.548  0.506 4211072 055 974 A + fuid 0.44 972 A + fluid
33 0.65% 0.534 0478 5.61x107 040 972 A4 + fluid 4.29 971 A 4 fluid
33 0.660 0.545 0.488 5.70% 1072 048 o .. 0.37 968 A+ fluid
36 0.660 4.533 0495 5801072 0.64 969 A+ fuid 0.43 365 A + fluid
37 0.659 0.562  0.503 589107 0.87 965 A + fluid 0.49 963 A 4+ fruid
38 0.660 0.565  0.509 597107 0.92 962 A + fuid 0.53 961 A + fluid
59 0.578 0.536  0.460 7.63x10°* 0.56 564 A + fluid 027 963 A + fluid
60 0.576 0.549 0470 7.86% 107 070 959 A + fluid 0.36 961 A + fluid
61 0.582 0.563 0.484 7.90x 107 (.84 958 A + fiuid .45 958 A + fluid
62 0.579 0.589  0.504 2.30x107% 1.00 949 A 0.57 950 A + fluid
36 0.437 0.496  0.384 0.112 0.00 e Fluid 0.00 s. Fluid
20 0.446 0512  0.400 0.113 0.65 955 A + fiuid 0.04 562 4 + fluid
2t 0.437 0.534 0413 ¢.121 0.38 947 A + Huid 0.20 956 A + finid
23 0.437 0.550 0425 0.125 .71 948 A + fluid 0.31 952 A + fluid
25 0.440 0.622 0482 0.13% 1.00 e Glassy 0.62 932 A -} Buid
55 0.282 0481 0305 0.177 0.00 Fluid 0.00 Se Fluid
36 0.280 0.503 0317 0.186 0.00 Fluid 0.00 e Fluid
57 0.281 0.540  0.342 0.199 1.00 Glassy 0.20 944 A4 + fiuid
58 0.280 0.553  0.350 0.204 1.00 Glassy 0.26 941 A + fluid
51 569x107% 0481 0.101 0.380 C.00 “e Fluid 0.00 .o Fluid
52 5.66x107% 0511 0.107 0.404 0.35 624 B + fiuid 0.00 e Fluid
53 5.63x107F 0535 0.1t 0.424 Q.85 621® ABy, + B+ fluid G.001(4) 929(A4) A+ B+ fluid”
Q.13(8) 619(B)
54 5.68X107% 0553 0.116 0.437 1.00 613 B 0.07¢(4) 929(4) 4+ B + fuid®
0.41(8) 619(B)
63 303X 1077 0.544  6.57%107% 0478 1.00 615 B 0.61(4) 929(4) A+ B + fluid®
0.49(8) 619(H)
64 300X 167 0551 6611077 0.485 1.00 613 B 0.03(4) 929(.4) A + B + fluid®
0.61(8) 619(B)
3t 3.03x107% 0.566 6.85x 1077 (.497 1.00 611 B 0.09(4 929(4) 4 + B + fuid®
0.84¢(8) 619(5)
65 302x1072 0577 695x107% 0.507 1.00 600 B 0.10(4) 928(A4) A+ Bd
0.90(B8) 616{B)
66 3011072 €591 T.1ix107? 0.520 1.00 591 B 0.10(4) 926(4) A+ B¢
. 0.93({(B) 611(5)
32 1531077 0.563  3.61X10°% 0.527 1.00 610 B 0.05(4) 929(4) A+ B
0.95(8) 619(8)
17 0.000 0.508 0.000 0.508 0.26 623 B + fluid 0.26 623 B + fluid

*See the discussion in Sec. [E1 for phase identification.

® Face centered cubic lattice parameter of coexisting A8, crystal (space group Fm3c) is 1973 nm.
¢ Predicted to ke in the three phase region of the phase diagram. Equilibrium between the eutectic fluid of composition ¢, = 0.127, 5 = 0.405, crystal 4

(lattice parameter 929 nm), and crystal B (lattice parameter 619 nm).

4 Predicted to lie in the region of two phase solid equilibrium. The lattice parameters of the twe solid phases crystal 4 and crystal B are given.

A scanning electron micrograph {Fig. 2(a)] of the
dried solid phase of samiple 33, x ; = 0.660, ¢ = 0.545 shows
it to consist of large close packed regions of component 4.
Occluded B spheres were present only in amorphous grain
boundaries. The solubility of component 8 in the crystal of
component 4 was estimated from similar micrographs to be
less than 1% for all samples with x >0.43. These observa-
tions are consistent with almost total solid immiscibility of
components 4 and B. As a consequence of this phase separa-
tion, the coexisting fluid phase wil! be enriched in compo-
nent 8. This was confirmed by the analysis of the coexisting
fluid phase in sample 33. After the sample has reached equi-
librium, the colloidal fluid was carefully removed from the

solid phase. The fluid phase was then diluted with suspen-
sionn medium and aliowed to dry before a carbon replica was
prepared. This was viewed directly by transmission electron
microscopy. The equilibrium number fraction was estimated
from the number of large spheres found in a random sample
of approximately 3000 particles as x , = 0.59 4- 0.03. Thisis
in close agreement with the eguilibrium fluid composition
x, = 0.51 calculated for the freezing of mutually immiscible
hard spheres and described in detail in Sec. IV. Thus, for
x,>0.66, suspensions at concentrations between freezing
and melting separate into a single crystalline 4 phase and a
fluid phase enriched in component B.

Electron micrographs of the dried solid phase formed in
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FIG. 1. A constant volume phase diagram illustrating the binary suspen-
sions which were investigated. The phase diagram is divided into four re-
gions (§~1V by the dotted lines) on the basis of the observed fluid/solid
phase equilibria. For details, see the text.

saraples of composition x , »>0.66, e.g., Fig. 2(a), show it to
consist of large regions of crystallinity with only a small pro-
portion of amorphous material. By comparison, the solid
phases of samples with compositions 0.43 < x, < 0.58, while
stiil containing ordered regions of component 4, show much
larger regions of amorphous packing. A scanning electron
micrograph [Fig. 2(b)1 of the dried solid phase of sample
20, x, = 0.446, p = 0.512, shows that the amorphous re-
gions contain both components 4 and B in the approximate
composttion A8 ; 5. The consequence of the formation of this
dense amorphous phase in samples of composition
0.43 < x, < 0.58 is discussed in detail in Sec. V A.

Figure 3 shows the scattered intensity profile from the
solid phase of sample 59, x, = 0.578, p = 0.536. Asis ex-
pected from the discussion of the previous paragraphs, this
pattern is consistent with a crystal of pure 4; its detailed
structure will be discussed further in Sec. V B. Lattice pa-
rameters obtained from similar scattering profiles of stamples
with x , >0.43 are listed in Table I1{; they have approximate-

FIG. 2. Scanning electron micrographs of dried colloidal solids: (a) A crystalline region of component 4 formed from a suspension (sample 33) of composi-
tion x,, = 0.660 and volume fraction ¢ = 0.545. Component B has been almost totally excluded from the crystal, although the top center of the photograph
shows a dissolved impurity particle of component B. (b} An example of the dense amorphous phase formed in a suspension (sample 20) of composition
x, = 0.446 and volume fraction ¢ = 0.512. The solid phase also contained highly crystailine regions of component 4 which are not visible in this micrograph.
(cy Crystalline regions of component Band the surrounding amorphous grain boundaries found in a suspension {sample 53} of composition x , == 0.0363 and
volume fraction @ = 0.535. Prior to drying, this sample contained an 4B, crystalline phase. (d) A crystalline region containing predominantly component £
formed from a suspension {sample 32) of composition x, = 0.0153 and volume fraction ¢ = 0.563. Component 4, although totally absent from the crystal-

line region, may be found in amorphous regions (top left-hand corner}.
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FIG. 3. The g dependence of the scattered intensity f{g) in arbitrary units
from the equilibrium solid phase formed from a suspension (sample 59) of
pumber fraction x, = 0.578 and volume fraction ¢ = 0.536. The solid
phase occupied 56% of the total suspension volume. The equivalent face
centered cubic lattice parameter was determined as 364 nm. As discussed in
the text, the crystals were composed almost entirely of large 4 spheres.

1y the same magnitude (within 6%) as that obtained from a
sample (8) of pure 4, x, = 1. However, closer inspection of
these measured lattice parameters reveals a systematic de-
crease at constant overall total volume fraction ¢, with de-
creasing number fraction x, of component 4. Similarly, in
suspensions of identical composition, crystals formed in the
fluid—solid coexistence region showed a decrease in latiice
parameter with increasing overall total volume fraction g.
This is in contrast to the behavior observed in single compo-
nent suspensions where for samples in the phase coexistence
region, the lattice parameter is independent of the overall
total volume fraction . The cause of this variation of lattice
parameters ‘s discussed in Sec. V A.

B. Region il

Four sample prepared with a number fraction x , =~ 0.28
remained amorphous even after slow tumbling for many
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FIG. 4. The ¢ dependence of the scattered intensity /{g) in arbitrary units
from the suspension (sample 57) of number fraction x, =: 0.281 and vol-
ume fraction ¢ = 0.540. The sample had becn slow tumbled (&>~ 1% 10-*
Hz) for approximately three months. No crystailization was observed.
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FIG. 5. The ¢ dependence of the scattered intensity 7{g) in arbiirary units
from the equilibrivm solid phase formed from a suspension (sampie 53) of
number fraction x, = 5.63 X 10~ ? and volume fraction @ == 0.535. The sus-
pension wag previously slow tumbled (w~ 1 107° Hz) for four months.
The solid sediment occupied 85% of the overall suspension volume. The
scattering pattern is interpreted as arising from a mixture of crystals of pure
B {causing the strong reflection at ¢ = 1.73< 10 * A~ and the feature at
g==2.0x10"* A" ") and crystals of 45,,.

months. Figure 4 shows the scattering observed from sample
57; in contrast to Fig. 3, no sharp Bragg reflections are evi-
dent. Preliminary measurements by dynamic light scattering
on samples 57 and 58 showed an essentially nondecaying
component of the temporal decay of the dynamic structure
factor analogous to that observed in one component colloi-
dal glasses.'” However, dynamic light scattering measure-
ments on samples 55 and 34, of lower total volume fraction,
were consistent with fluidlike properties. As suspensions of
comparable volume fractions to samiples 57 and 58, yet dif-
ferent compositions readily crystallized (see Table 1), we
associate this composition with an enhanced tendency to
glass formation.

C. Region lii

The four sampies prepared with a number fraction
x, =~0.057 (approximately 16 small B spheres to one large 4
sphere) showed a complex sequence of phase behavior.
Crystallization was first observed in suspensions of total vol-
ume fraction ¢ = 0.511 in which at equilibrium a single solid
phase of irregularly stacked crystals of component B (for
further discussion of the structure, see Sec. V B) coexisted
with a fluid phase. The crystal phase showed & powder dif-
fraction pattern similar to Fig. 6. On further increase in the
volume fraction to @ = 0.535, equilibrium was observed
among three phases, a binary colloidal fluid, and two solids.
Measurement of the crystal powder diffraction pattern
showed that initially a crystalline B phase was formed, but
after slow tumbling for about four months, the scattering
profile changed to that shown in Fig. 5. The diffraction pat-
tern contained features characteristic of B crystais, but also a
progression of low ¢ reflections implying a structure with a
large lattice parameter. Detailed calcuiations, to be pub-
lished elsewhere®® and discussed in Sec. ¥ C, demonstrate
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FIG. 6. The g dependence of the scattered intensity £{g) in arbitrary units
from the solid phase formed from a suspension (sample 64) of number frac-
tion x, == 0.03 and total volume fraction @ = 0.551. The sample was fully
solid. The equivalent face-centered-cubic lattice parameter was determined
as 613 nm. The crystals were composed almost entirely of small 2 spheres.

that the observed scattered intensity is consistent with pow-
der diffraction from the ordered binary alloy 4B,,. Visual
observation showed that the crystallites were distributed ho-
mogeneously throughout the bulk of the cuvette. After pro-
longed slow tumbling (w~ 1 X 1¢ "% Hz) for a total of seven
motniths, the intensity of the low angle reflections was re-
duced, although they were still apparent, indicating that this
AB,; structure may be metastable. Essentially identical
phase behavior was found after the sample was shear melted
by rapid (@ ~0.2 Hz) tumbling and aliowed to crystallize
again under “zero gravity” conditions.

Sampiles of the soiid phase in which light scattering mea-
surements had indicated 48,, formation were dried and ex-
amined by electron microscopy. In Fig. 2(c), an electron
micrograph of the dried colloidal solid phase is reproduced.
A large region of crystalline component B is apparent. Al-
though there is 2 high degree of short range order in the
regions containing both components 4 and B, no examples
of an crdered binary alloy structure were observed even after
an extensive search. Since preparation of the sample for elec-
tron microscopy involves the removal of the suspension me-
dium, and a consequent increase in density, one possible ex-
planation for the absence of AB,, (supported by the
observation of the next paragraph) is to suggest this phase
although stable, or possibly metastable, at low densities is
unstable at high densities.

On further increasing the volume fraction to ¢ = 0.553,
the binary suspension totally sohdified into what appeared
to be a single sclid phase consisting of crystals of component
B. The powder diffraction pattern showed no low angle re-
flections and was similar to Fig. 6. No evidence was seen of 2
coexisting crystal phase of component 4. Electron micros-
copy of dried colloidal solids from this sample showed or-
dered regions of component B with component 4 in amor-
phous grain boundaries.

D. Regioniy

For x,<0.05, all samples of high enough total volume
fraction solidified. The presence of a small number fraction

Bartlett, Ottowill, and Pusey: Freezing of colloidal hard spheres

of component 4 was found to reduce dramatically the rate of
solidification. Figure 6 shows a typical powder diffraction
pattern of the solid phase formed in this region of the phase
diagram. For all samples, the measured equivalent foc laitice
parameter was comparable to the lattice parameter found for
crystals of pure component B, although as in region I small
systematic shifts in the lattice parameters were measurable.
For example, in samples of constant number fraction x ,, the
lattice parameter was observed to decrease slightly as the
total volume fraction increased (see Fable I1I).

The scanning electron micrograph of a dried solid sam-
ple, reproduced in Fig. 2(d), shows ordered regions of com-
ponent B surrounded by amorphous regions consisting of
both components. The sciubility of component 4 in crystals
of B appears tc be negligible. In the few cases where compo-
nent 4 was found in crystals of component B, the presence of
the larger component severely perturbed the crystal struc-
ure.

V. MODELING THE FREEZING OF BINARY COLLOIDAL
HARD SPHERES

At a constant external pressure, we can treat, to a very
good approximation, the total volume of the suspension
(suspension medium plus colloidal particles) as constant in-
dependent of any spatial arrangement the colloidal particies
may adopt. This approximation is valid because, in compari-
son with the compressibility of the colloidal fluid, the sus-
pension medium is essentially incompressible. In this situa-
tion, the colloidal fiuid-solid phase transition is measured
under conditions of near constant volume rather than con-
stant pressure (the usual sifuation in the study of metallic
alloys). In multicomponent suspensions, the osmotic pres-
sure plays a role completely analogous to that of the total
pressure for a one component system. Thus the lattice pa-
rameter of the colicidal crystal is determined essentially by
the suspension osmotic pressure.

We model the system by a binary mixture of hard
spheres of diameter ratio @ which, although miscible in the
fluid phase in all proportions, are assumed to be immiscible
in the crystal phase. The experimentai data, discussed below,
suggest this is a reasonable approximation at least for a re-
stricted range of compositions. Detailed discussion of the
modei will be published elsewhere,”” but in order to clarify
the approximation used, we shall briefly summarize the ap-
proach used.

With the assumption of mutual crystal immiscibility,
the phase diagram contains a fluid of eutectic composition
which divides the coexisting fluid-solid boundary into two
branches corresponding to the equilibrium between the fiuid
and crystals of component 4 and the fluid in equilibrinm
with crystals of component B. The composition of the coex-
isting fluid and crystals of component 4, e.g., are determined
by the solutions of the equations

=T, H=1 (@) =), (3)
where / and s refer to the binary fluid and crystalline 4 phase,
respectively. Accurate equations of state for bath the binary

hard sphere fluid® and the hard sphere crystal®® are known,
Both have been tested against extensive computer simula-
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FIG. 7. The {@,,@z) projection of the phase boundaries predicted for the
freezing of a binary hard sphere fluid into immiscible crystal phases. The
phase diagram is calculated for a diameter ratio of 0.61. Hlustrative tie lines
connecting coexisting states, at constant osmotic pressure, are shown
dashed in the two phase regions.

tion results.?”*® The Helmholtz free energy ¥ is obtained by
integrating the equation of state and the chemical potentials
by differentiating F, g¢ = (JF /IN) 1. Solutions to the con-
ditions for phase coexistence, given by equations similar o
Eq. (3), may thus be found.

Figure 7 shows a projection on the (@ ,,¢ ;) plane of the
phase diagram for this model system. This is 2 convenient
representation under conditions of constant volume. States
of constant number fraction x ; lie on lines radiating from
the origin, while states of constant total volume fraction
@ = @, + ¢, form lines which intersect both axes at 45°. In
region (A), the binary fluid is the only stable phase, while in
regions (B) and {C), the fluid is in equilibrium with a pure
crystal phase. The states corresponding to the end of each tie
line are the coexisting fiuid and crystal phases at a defined
{osmotic) pressure. Each point on the tie ine corresponds to
the overall composition of the initial system, which at equi-
librium will phase separate into the states represented by the
ends of the tic line. The relative volumes of each phase are
given by the normal inverse lever rule construction. Region
(D) is bounded by three vertices corresponding to the eutec-
tic fluid compasition and the volume fractions of coexisting
crystalline 4 and B phases. Samples prepared within this
region will at equilibrium phase separate into three phases of
eutectic fuid and crystals of 4 and B. The relative volume of
each phase in the entectic region has a simple geometric in-
terpretation in the {@, @) phase diagram. The volume of,
e.g., the fiuid phase is proportional to the area of the triangle
formed by joining the point representing the overall sample
composition to the two vertices which represent the remain-
ing two coexisting phases (crystal 4 and crystal 8). The
phase rule dictates that the equilibrium (osmotic) pressure

within this region is fixed. The eutectic composition for a
diameter ratio of o = 0.61 is predicted to correspond to
x, = 0.067, or approximately 14 small B spheres to one
large 4 sphere. Finally, in region (E), the system has totally
solidfied and crystals of 4 are in equilibrium with crystals of
B

A system of hard spheres will not show the complete
range of phase behavior represented in Fig. 7 if the relaxation
time for structural rearrangement is sufficiently long that
thermodynamic equilibrium is no longer attained. At high
fluid densities structural rearrangements become more diffi-
cult and at a certain density particles will be arrested in the
cages formed by neighboring particles. At this point crystal-
lization will be totally suppressed and the fiuid will enter a
metastable glassy state, not represented in the equilibrium
phase diagram of Fig. 7. Although glasses may be formed at
any composition in binary systems (at a sufficiently high
density), glass formation is often found to be easiest at the
eutectic composition.*! This has been attributed to the kinet-
ic restraints on crystal growth in a binary mixture (associat-
ed with partition of the components ) which suppress nuclea-
tion at all compositions® together with the reduced
thermodynamic driving force for homogeneous nucleation
at eutectic compositions.

In classical nucleation theory,*® the steady state homo-
geneous nucleation rate J is expressed in terms of a product
of a transport coefficient £ and a thermodynamic term asso-
ciated with the free energy ¥ required to form a crystal~fluid
interface. In a single component metastable fluid of volume
fraction @, the nucleation rate is given by

J=pfeXP{=———————‘—-—=16mf } 4)
(AT

where p is the number density and Al is the difference in
osmotic pressure between the interior of the critical nucleus
and the exterior fluid phase. The osmotic pressure difference
All is equal to the decrease in Helmholtz free energy accom-
panying the formation of a unit volume of crystal at an os-
motic pressure at which it will be in equilibrium with the
exterior metastable fluid phase. In a fluid of constant volume
fraction, the frequency factor fis expected to be largely inde-
pendent of composition, while in the phase coexistence re-
gion AIl is determined primarily by the difference between
the metastable and freezing fluid volume fractions. At the
eutectic point corresponding to the freezing of the densest
fluid, AT will be a minimum and the thermodynamic barrier
to nucleation will be at a maximum. The homogeneous nu-
cleation rate J will thus be lowest and (in the absence of
heterogenecus nucleation ) a binary glass will be most readi-
ly formed in suspensions of the eutectic composition.

¥. DISCUSSION
A. Comparison with immiscible sphere model

The scanning electron micrographs (Fig. 2) clearly
demonstrate that a mixture of colloidal hard spheres of di-
ameter ratic a = 0.61 shows extended regions of solid in-
solubility. When a binary suspension rich in component 4
(region I of Fig. 1) solidifies, the phase separation results in
a crystalline phase containing predominanily component 4
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and a fluid phase enriched in component B. In suspensions of
composition 0.43<x, <0.58, a dense amorphous phase con-
taining both 4 and B is also formed. The solubility of compo-
nent B in the crystal of component 4 is negligible. The elec-
tron micrographs indicate that suspensions rich in compo-
nent B (region IV) crystallize into a solid phase composed
almost solely of component B. Component 4 is present et-
ther in amorphous grain boundaries, or separates into the
binary colloidal fluid phase. There is no evidence for the
formation of a substitutionally disordered crystal phase.
The measured lattice parameters for crystals in regions I
and IV given in Table II¥ are consistent with the observation
of (nearly} complete solid immiscibility. The measured
powder diffraction patterns of crystals formed in these re-
gions, shown in Fig. 3 and 6, are indexed on the basis of a
single crystalline phase {details of the structures are given in
Sec. V B). The composition of this equilibrium crystalline
phase can be deduced from the measured lattice parameter.
At a constant pressure, the lattice parameter of a substitu-
tionally disordered crystal is commonly found to vary mono-
tonically with composition between the lattice parameters of
the limiting pure crystalline phases 4 and B.** For an ideal
solid solution, where the volume of mixing is assumed to be
zero, the lattice parameter of the mixed crystal g,, is given by

& = (1 —xay +x,.a, (5)

where @, and a, refer to the lattice parameters of the pure
component crystals. Lattice parameter measurements of sin-
gle phase metal alioys™ have shown that this expression is a
useful first approximation relating the parameters of a solid
solution to its composition. If, however, 4 and 8 are immis-
cible in the solid state then, at constant pressure, the lattice
parameter of a single solid phase observed must correspond
to either pure crystalline £ or 8. This last case most closely
represents the data given in Table III. The small shifts in the
measured lattice parameters from those of pure crystalline 4
or B occur since measurements are made under conditions of
constant external pressure and not constant osmotic pres-
sure.

The origin of the shift in lattice parameters is clearly
seen by counsidering, e.g., the equilibrium between a binary
fluid and a crystal phase of the larger component 4. A de-
crease int the number fraction of A in the coexisting fluid, ata
fixed volume fraction, results in an increased total particle
number density and a conseguent rise in osmotic pressure.
The coexisting 4 crysials are therefore compressed and their
lattice parameter reduced. The shift in lattice parameter may
be predicted guantitatively by the model, described in Sec.
IV, of immiscible hard sphere crystals.

The model system of immiscible hard spheres does not
predict the formation of the ordered binary phase 4B, and
therefore cannot provide a complete description of the ex-
perimental phase behavior. However, over a limited range of
compositions, the predictions of this simple model are found
to be in reasonable agreement with the experimental data.
For suspensions rich in component 4, where complete phase
separation is observed, this model provides accurate predic-
tions for experimental lattice parameters and to a lesser ex-
tent the fractional volume of the crystal phase #,. For all the

suspensions studied, the predictions of this model are listed
in Table II1. For ease of comparison with the experimental
data, the predicted crystal density (@, } is expressed in terms
of the equivalent fce lattice parameter a,,. given by

173
aualc = <__?’Z_) g, (6)
3¢

here « is the hard sphere diameter, determined from light
crystallography measurements on pure components and giv-
en in Table I

For the crystalline phase in equillibrium with a binary
fluid observed in region I, Fig. 8 compares the measured and
predicted lattice parameters. Agreement is seen to be very
close. With the decreasing number fraction x ,, the volume
fraction of the crystalline phase (4) in the fluid-solid coexis-
tence region increases markedly from @ = 0.545 for single
component suspensions to volume fractions of ¢ = 0.65 in
crystals formed from suspensions of overall composition
x, == 0.437. The observed reduction in the rate of crystalli-
zation as x, decreases presumably, in part, reflects the diffi-
culty of nucleating and growing this increasingly dense crys-
tal phase. In sample 25 {x, = 0.440), where the predicted
crystal density corresponds to ¢ = 0.68, the rate of crystalli-
zation is sufficiently slow that the sample remained amor-
phous throughout our experiments and crystaliization was
not chserved.

In Fig. 9, the predicted fractional solid volumes 7, are
compared with measurements made on suspensions of a
{(nominally) fixed total volume fraction of @ = 0.548. In
suspensions of composition x , »0.66, the agreement is seen
to be close, although there seems to be a small systematic
discrepancy in that the measured phase volumes are approx-
imately 0.1 larger than the predicted values. However, much
more marked deviations occur in suspensions of composi-
tion 0.43¢x,<0.58. The data in Table III shows that in
some suspensions within this composition band the mea-
sured solid phase volumes exceed those predicted by up-
wards of 0.4, For example, the mode! of mutually immiscible
spheres predicts that at compositions identical to sample 62
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FIG. 8. Comparison between the measured lattice parameters of crystals
formed from component 4 and those calculated from the model of immisci-
ble spheres discussed in Sec. [V, Exact agreement between theory and ex-
periment is shown by the dashed line.
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FIG. 9. The solid phase volume %, in suspensions of total volume fraction
@ == (1.548 + 0.002 as a function of x5, the number fraction of small spheres
{x, =1~ x,). The solid line is the thecretical prediction of the immiscible
sphere model.

about half of the sample volume will be occupied by a crys-
talline 4 phase, vet the sample was found to be fally sclid.
Although this discrepancy could in theory be caused by inac-
curacies in the hard sphere equations of state, recent com-
puter simulation studies for the fluid state’® have shown only
very small deviations which seem unlikely to explain the
large differences observed. We suggest that the disagreement
between the measured and predicted phase behavior for
compositions 0.43<x, <0.58 is a consequence of the pres-
ence of an underlying phase transition. This hypothesis is
consistent with electron micrographs, similar to Fig. 2(b),
which show that the solid “phase” consists of ordered re-
gions of component 4 and large regions of dense amorphous
packing containing both components 4 and B. By compari-
son, electron micrographs of suspensions of x , »0.66, simi-
lar to Fig. 2(a), show only a relatively small amount of
amorphous material mainly asscciated with crystal grain
boundaries. The inhomogeneous nature of the solid formed
in suspensions of composition 0.43<x , <0.58 suggests that,
at equilibrium, crystals of component 4 coexist with a sec-
ond crystalline phase 4B, with # as yet undetermined. Ther-
modynamic considerations show this postulated crystalline
phase 4B, cannot be identified with the binary alloy phase
AB,,. This suggests that at equilibrium (at least) two binary
crystal phases would be formed: A8,; which we have ob-
served directly and a crystal of some intermediate composi-
tion AB,. Possible crystal structures for this intermediate
binary phase are discussed further in Sec. V D.

With the presence of a second crystalline phase A8, the
equilibrium phase diagram, in the region x, >0.43, consists
of two fluid-solid branches describing the equilibrium
hetween the crystalline phases 48, or 4 and a finid phase.
For suspensions richer in 4 than the eutectic composition,
where crystals of 4 and 48, both coexist with a fluid phase,
the freezing densities are determined by equilibrium between
crystals of 4 and a binary fluid. At equilibrium, the osmotic
pressure (I1) and the chemical potential of component
A{u ) is equal in both phases

I{(ﬁuid) = H(crysiai A):
luA(ﬂu‘sd) = »u'A(crysml Aye (7)
The phase behavior for compositions richer in B than the 4-

AR, eutectic are determined by the corresponding set of
equations

Ii(ﬁuid) = E"I(crystalAli’-,,) ’
£ ainuidy = M a(eryseal 4B >
Hreanidy = Hpeerystal 4B,) - (8)

In the three phase eutectic region, Egs. (7) and (8} must be
simultaneousty satisfied. Equation (7) is identical with
these solved in the model of mutual immiscible spheres dis-
cussed in Sec. I'V. The only influence of the second crysial-
Iine phase AR, is to limit the range of densities over which
£q. (7) solely determine the phase behavior. Therefore sam-
ples in which the experimental phase volumes (or lattice
parameters) deviate markedly from the model predictions,
given above, must at equilibrium consist of, at least partially,
AB, crystals. Hence, assuming the presence of the crystal-
line phase A8, the suspensions prepared with compositions
0.43<x, <0.58 are niot at equilibrium, but in some long lived,
probably metastable state.

Finally it should be noted that for the siow rates of crys-
tallization observed in these experiments, the slow rotational
tumbling used to reduce gravitational settling may possibly
influence the phase behavior. Since at present there seems no
practical alternative to slow tumbling, it seems simplest to
discuss our findings in terms of an assumed equilibrium
phase behavior.

B. Structure of the phase separated crystals

The powder diffraction patterns of crystals formed in
regions I and IV of the phase diagram (Figs. 3and 6) showa
combination of sharp Bragg diffraction peaks and & struc-
tured, but diffuse background. Similar diffraction patterns
have been observed for single component colloidal crystals!’
and have been interpreted as diffraction from a randomly
orientated powder of disordered close packed crystals. The
crystal structure postulated may be physically realized by
the irregular stacking of nearly perfect hexagonal planes of
spheres. Selecting hexagonal basis vectors (a,b} in the refer-
ence plane, a close packed arrangement of planes is genera-
ted by successive layers which are displaced by a translation
perpendicular to the plane (along the ¢ axis) and by the
translations (2a +b}/3 or {a + 25)/3 in the plane. The
three different plane positions obtained by these translations
may be designated by 4, B, or C. In a close packed structure,
any particular layer is always followed by a layer of a differ-
ent kind. The two simplest periodic close packed struc-
tures—hexagonal close packed and face centered cubic—
differ in the arrangement of second neighboring planes; in
hexagonal packing, they are of the same kind and the plane
arrangement is, e.g., ABABAB..., while in face centered cu-
bic, the plane sequence is ABC4BC... and second neighbor-
ing planes always differ. In Ref. 17, the powder pattern is
calculated for close packed structures in which a degree of
randomness is assumed in the choice of second neighboring
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FIG. 10. (2) The calculated powder diffraction pattern I(g) in arbitrary
units of an irregularly stacked close packed crystal of component 4. The
lines are indexed on a hexagonal basis (with lattice vector ¢ having length
equal to the interplane spacing). A stacking parameter S of 0.6 was used.
(&) The particle form factor £(q). It was determined from measurements
made on a dilute single component suspension with a medium refractive
index close to that of sample 59.

pianes, the probability of different second neighboring
planes being defined as 5. Reflections from planes (A&{)
where i — &k = 0 (mod 3) are unaffected by an arbitary val-
ue of § and remain sharp, while reflections where 4 — £ #0
(mod 3) are broadened to produce a diffuse background.™
The angular intensity of scattered light /(g) from a ran-
domly orientated powder of crystallites consisting of identi-
cal spherical particles is proportional to the product of the
particle form factor F(g) and the orientationally averaged
crystal structure factor S{g). The particle form factor P(g)
is the Fourier transform of the volume polarizibility profile
of the pariicle and is determined by the size, shape, and re-
fractive index of internal features throughout the particle.
The structure factor S(g) is the orientational average of the
Fourier transform of the equilibrium density autocorrela-
tion function and is therefore a measure of the correlation
between the positions of particles within a crystal. Figure 10
shows the calculated intensity /{g) for a random powder of
close packed crystals consisting solely of component 4,
where the stacking parameter has been taken as § = 0.6. The
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orientationally averaged crystal structure factor S(g) was
calculated by methods described elsewhere,!” while the par-
ticle form factor P(q), shownin Fig. 10{G), was determined
from the measured intensity /{g) of dilute dispersicns where
S(g) may be assumed to be unity. Comparison with the ex-
perimental data in Fig. 3 shows that the calculated powder
diffraction pattern faithfully reproduces the bands of diffuse
scattering around each Bragg peak even for high order re-
flections. Much of the discrepancy between the calculated
and observed intensities is probably due to the use of an inac-
curate form factor which, near refractive index match, is
very sensitive to experimental conditions. Similar values for
the stacking parameter # have been obtained from single
component crystals’” and consequently the crystal structure
in the binary dispersions seems to be relatively unaffected by
phase separation.

C. Binary alioy formation

A fuli discussion of the structure and requirements for
binary alloy formation will be given in a subsequent report,*
but for completeness, we summarize our observations. In a
restricted range of volume fractions, suspensions of number
fraction x, = 0.057 containing approximately 16 small B
spheres to one large 4 sphere showed binary alloy formation.
The observed diffraction pattern (Fig. 5) of the solid phase
contained features characteristic of pure B crystals and also
a regular progression of low ¢ reflections implying a struc-
ture with a large lattice parameter. Detailed calculation
demonstrates that the observed scattering intensity is repro-
duced by powder diffraction from the ordered binary alloy
AB,;. The structure of this compound can be considered in
terms of a simple cubic subcell with 4 spheres at the cube
corners. The cube contains a body-centered B sphere sur-
rounded by 12 nearest neighboring B spheres at the vertices
of a regular icosahedron. The cubic unit cell is constructed
from eight subcells with each adjacent icosahedral cluster
rotated by /2 about a simple cubic axis. A similar structure
is found in the intermetallic compound NaZn,,, although
the internal cluster of Zn atoms is slightly distorted from a
regular icosahedral geometry.®

. Comparison with previous calculations

Thermodynamic phase diagrams for mixtures of hard
spheres of arbitrary diameter ratio have recently been calcu-
lated by Haymet and co-workers.” The first order phase
transition was treated by a2 density functional theory of freez-
ing in which the correlation function of the crystal was ap-
proximated, using thermodynamic perturbation theory, by
the correlation function of the coexisting liquid. The lattice
symmetry must be assumed and a variety of symmetries test-
ed to find the most stable crystal. The density functional
theory is not an exact description of freezing but, at least for
single component systems,” its predictions are in reasonable
agreement with essentially exaci computer simulation re-
sults. Rick and Haymet® have considered the freezing of
hard sphere mixtures of equal number fraction (x, = 0.5)
for which they conclude the stable solid phase at alf size
ratios is the substitutionally disordered fcc structure. Meta-
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stable solutions were found for the other crystal symmetries
considered of CsCl, NaCl, and a *fast sphere” phase in
which the big spheres are frozen in a fec lattice, while the
small spheres are translationally disordered. In our experi-
ments, we do not observe formation of a substitutionally dis-
ordered crystal at any composition. The discussion above
suggests that at equilibrium (colloidal) mixtures of compo-
sition x, = 0.5 will initially freeze either into crystals of 4
and a fluid phase, crystals of 43, and a fluid phase, orinto a
three phase eutectic region of coexisting 4, A8, and fluid
depending upon the exact position of the eutectic. In part,
this disagreement between our results and the density func-
tional calculations may be ascribed to the rather limited set
of crystal symmetries considered in the calculations so far.
The discussion below suggests that for a size ratic of
a =0.61, the most important crystal symmetries are prob-
ably aluminium diboride (ARB,) and the regular icosahedral
NaZn,, structure (A8,;). To the best of our knowledge, no
calculation which includes the possibility of freezing into
these structures has been reported.

It is interesting to compare our results with the packing
predictions of Sanders and Murray.? In their calcualations of
mixtures of hard spheres they assumed entropic terms could
be ignored, so that the phase behavior was determined pure-
Iy by geometric factors. In this approach, a mixture of hard
spheres was assumed to freeze into a siructure which maxi-
mized the total packing fraction. Unfortunately, even for a
specified diameter ratio, no means exist to determine the
structures which maximize the total packing fraction. The
only route available is {0 test a variety of common crystailc-
graphic structures. Murray and Sanders considered a range
of binary structures based on cubic or hexagonal packing.
For diameter ratios 0.482 < a < 0.624, only an 4B, arrange-
ment based on the crystallographic aluminium diboride
structure was found with a packing fraction greater than the
phase separated close packed crystals of 4 and B
(@ = 0.7405). The ideal cubic phase 4B, cannot have a
packing fraction greater than 0.738. Hence, spheres of diam-
eter ratio 0.482 < a < 0.624 are likely to freeze into an 4B,
phase together with either crystals of 4 or B depending upon
the overall composition. However, Murray and Sanders
further showed that, with a small modification to the ideal
structure of A8, ,, the packing density could be increased so
that 48, was marginally preferred to the close packed crys-
tals of 4 or 8. The expressions given by Murray and Sanders
predict, for a diameter ratio of & = (.61, the maximum pack-
ing density of the 458, structure as ¢ = 0.750, while the ideal
AB,, structure has a maximum density of ¢ = 0.685. Even
allowing a slight deviation from the ideal icosahedral struc-
ture of 4B 5, the maximum density of @ = 0.714 is still below
the close packed limit for monodisperse spheres. Hence, for
diameter ratio a = 0.61, the 4B, structure is predicted by
these arguments to be unstable with respect to a phase sepa-
ration into 4B, and B.

Comparison of the predictions of Murray and Sanders
with our resuits show a remarkably close correspondence if
we identify the (hypothesized) phase 4B, with 4B,. The
crystal 4B, consists of layers of B spheres in planar hexagon-
al rings, similar to the carbon layers in graphite, alternating

with close packed layers of 4 spheres. Nucleation and
growth of this structure, with its alternating layers of
spheres, seems likely to be very slow and easily disrupted by
the inclusion of a different sized sphere inte a growing plane.
This may account for the {metastable) amorphous phases
observed in suspensions of composition 0.43<x, <0.58 and
explain the absence of any crystalline 48, phase. In agree-
meni with the predictions of Murray and Sanders, the ex-
perimental observations suggest the A8, phase was prob-
ably metastable. The relatively easy formation of 48, in
contrast to the absence of the (hypothesized) phase AB,
may in part reflect the importance of local isocahedral struc-
tures in dense liguids.

Vi. CONCLUSIONS AND SUMMARY

With increasing concentration, a binarv mixture of
{colloidal) hard spheres must either form a glass or freeze
into one of three distinct types of crystalline solids: (1) a
pure component crystal; or (2) an ordered binary crystal
where each component lies on a crystalline sublattice; or (3)
a substitutionally disordered binary crystal in which each
colloidal component is distributed with only short range or-
der on a common lattice. We have studied the fluid—solid
transition in suspensions of colloidal hard spheres of relative
diameter o = 0.61 as a function of suspension volume frac-
tion and composition. Althoagh for this size ratio there is no
evidence for the formation of substitutionally disordered
crystals, colloidal hard spheres show examples of each of the
three remaining classes of solids.

The observed solid phases are determined principally by
the number fraction x, of the larger colloidal component
(labeled 4) in the suspension. In limited regions of composi-
tion, either close to suspensions of pure 4 (0.66<x, <1.00)
or pure B (0<x,<0.057), the two components show (al-
most } complete solid immiscibility and only crystals of each
pure component are formed. In this range of compositions,
binary suspensions, at concentrations between freezing and
meltinrg, froze with phase separation into a pure component
crystalline phase and a coexisting fluid phase enriched in the
noncrystallizing component. Suspensions of composition
0.43<x,<0.58 showed a slightly different set of phase be-
havior. At concentrations between freezing and melting,
suspensions similarly froze into crystals of pure 4, but the
samples also contained an additional dense amorphous
phase of approximate composition 4B, 5. Suspensions pre-
pared with approximately the same overall composition
{x, ~0.28) did not crystallize at all during the course of our
experiments. Dynamic light scattering suggested that the
samples had formed binary glasses. With a further increase
in the proportion of small spheres, the freezing phase behav-
ior changed dramatically. Suspensions of composition
x, = 0.057 (approximately AR, } froze in a narrow band of
concenirations, between freezing and melting, into the or-
dered binary crystal phase 45, In suspensions of
@ = 0.535, the binary phase 4B, was found coexisting with
crystals of pure B and 2 binary fluid phase. However, there
were indications that the AR, , structure was probably meta-
stable.
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Qur results show that a binary fiuid of {colloidal) hard
spheres exhibits a remarkably varied set of freezing behav-
ior. The complexity of the phase behavior suggests that a
theoretical description of the complete phase diagram will be
difficult. However, a simple model of solid immiscible hard
spheres provides accurate predictions at least for composi-
tions approaching either the pure 4 or pure B limits. The
system is modeled by a binary mixture of hard spheres
which, although completely miscible in the fiuid phase, are
assumed to be mutually immiscible in any solid phase. The
conditions for phase coexistence may be derived from accu-
rate equations of state available for both the binary hard
sphere fiuid®® and the hard sphere crystal.”® For suspensions
of composition x, »0.66, which at equilibrinm phase sepa-
rate into crystals of pure 4 and the coexisting fluid, the pre-
dictions are in good agreement with both the measured crys-
tal lattice parameters { and hence the density of the crystal)
and the volume of the coexisting crystal phase. However, in
suspensions of composition 0.43<x , <0.58, a discrepancy is
found between measured and predicted crystalline phase
volumes. We suggest this disagreement may signify the pres-
ence of an underlying phase transition. In that case, the
dense amorphous phase, which is found coexisting in these
samples with crystals of 4, will at equilibrivm crystallize into
a new binary crystal phase 4B,. Calculation of the maxi-
mum packing densities for a range of crystal structures based
on hexagonal or cubic packing suggest the most probable
crystailine phase is the crystaliographic aluminium diboride
structure AB,.

Our results demonstrate that a binary fluid can freeze
into any one of at least three different crystal phases 4, 4B,
and 8 depending upon the suspension composition. It seems
likely therefore that the equilibrium phase diagram will con-
tain (at least) two eutectic regions corresponding to the sol-
id phase separation between crystal compositions 4, 48,
and B. Although our data is not sufficiently detailed to com-
pletely determine the phase diagram, we have at least ob-
served phase behavior qualitatively consistent with a eutec-
tic region between 48, , and B. Suspensions of composition
x, =0.057, at a concentration just above freezing
(@ =0.511, sample 52} separated iuto crystals of ¥ and a
coexisting fluid (two phase fluid-solid region). With a con-
centration increased to @ = 0.535 (sample 53), the suspen-
sion froze into 4B 5, B, and a coexisting fluid as expected for
compositions within the three phase eutectic region. With a
further increase in density to above the melting concentra-
tion, the suspension is expected to compietely freeze into two
coexisting solid phases of 48,, and B. In partial agreement
with this, in sample 54 (¢ = 0.553) no fiuid phase was
found, although the only crystalline phase observed was £.
Presumably the relatively small volume of 4 spheres re-
mained in amorphous phases which at equilibrium will crys-
tallize into AB .

QOur results illustrate the wide range of both equilibrium
and metastable crystal structures which can be formed by
mixtures of (colloidal) hard spheres, where only packing
considerations are significant. In atomic and molecuiar sys-
tems, by contrast, the enormous variety of crystaliine stroc-
tures is dictated as much by molecular geometry and elec-

tronic properties as by repulsive forces. Comparison
between the crystal structures of hard spheres and atomic
and molecular systems offer the possibility of assessing the
relative importance of these various factors in determining
the stable crystal structures.
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