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Direct measurements of colloidal friction coefficients
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The time-independent hydrodynamic forces operating between two hard spheres were studied as a function
of the interparticle separationr. Two colloids were positioned a distancer apart using a dual-beam optical
tweezer similar to that described by Meiners and Quake@Phys. Rev. Lett.82, 2211 ~1999!#. Brownian fluc-
tuations in the positions of the two spheres were followed by recording the intensity of forward scattered laser
light. The two particles move cooperatively as a result of hydrodynamic forces. The strength of the correlation
increased strongly with decreasing separationr. We show that the temporal and spatial correlations in the
particle displacements are determined by the distance dependence of the pair friction tensorj. The distance and
geometry dependence of the measured friction tensor is found to be in excellent agreement with the predictions
of low-Reynolds number calculations.
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I. INTRODUCTION

Hydrodynamic interactions play a crucial role in dete
mining the dynamical properties of colloidal suspensions@1#.
For instance, the rheological behavior of colloidal syste
under shear fields@2#, the kinetics of crystallization@1#, ag-
gregation, and the structure of long-lived metastable pha
such as colloidal gels@3# are all believed to be influence
strongly by many-body hydrodynamic forces. The origin
these forces is classical; each particle, when moving thro
a viscous fluid, creates a long-range flow disturbancedv(r ),
which reacts on the motion of other particles, producing
time-dependent interaction between distant particles. W
the hydrodynamic forces acting between two spheres at l
Reynolds number was calculated some ninety years ago@4#,
the hydrodynamic forces in more complex situations, such
the sedimentation of colloidal particles@5#, or within concen-
trated suspensions@6#, still remains controversial. A seriou
obstacle to an improved understanding of these situation
the long-ranged nature of hydrodynamic interactions, wh
decays as 1/r . Consequently, perturbative solutions are ge
erally invalid and hydrodynamic interactions in many situ
tions are truly many-body properties. Recently, there
been a renewedexperimentalinterest in the direct measure
ment of hydrodynamics in ‘‘simple’’ colloidal system
@7–11#. This interest has stemmed from the development
single-particle trapping technique that allow the manipu
tion and measurement of individual particles with an ac
racy approaching a few nanometers. These techniques
the possibility of quantitatively testing hydrodynamic the
ries. In this paper, we use single-particle techniques to m
a detailed measurement of the functional form of the tim
independent hydrodynamic interactions between an isol
pair of colloidal spheres. Our measurements probe the
tance dependence of the hydrodynamic interactions and
both the asymptotic far-field region where hydrodynam
forces decay as 1/r and the near-field region where lubric
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tion forces become significant.
We study the simplest interacting Brownian syste

which consists of two spherical particles of radiusa sepa-
rated by a distancer in an infinite, incompressible fluid o
viscosityh at a temperatureT. When the separation betwee
the two spheres is large in comparison with the interpart
potential, the two spheres are coupled only via hydro
namic forces. A random solvent collision with either of th
two spheres sets the surrounding fluid into motion. The m
mentum transferred to the fluid spreads throughout the
tem at a rate controlled by the sound velocity and the ki
matic shear viscosityn of the fluid. When the rapidly
propagating flow field arrives at the surface of a seco
sphere, the velocity field is modified as a result of the bou
ary conditions at the particle surface and a time-depend
force is generated that couples the motions of both sph
together. Colloidal particles are so sufficiently large in co
parison to fluid molecules that there is a large separation
time scales between the small but finite time taken for
hydrodynamic fields to propagate between the two partic
~typically ;1027 s! and the subsequent diffusion of the pa
ticles (;10–4s). Consequently, there is a substantial per
over which the hydrodynamic flow fieldsdv(r ) are essen-
tially time independent, before the Brownian particles ha
noticeably moved. It is the resultingquasistatichydrody-
namic interactions that are the subject of this paper.

This paper describes a detailed experimental investiga
of the quasistatic hydrodynamic coupling between two i
lated colloidal spheres. We use single-particle manipulati
and laser deflection techniques, similar to those describe
Ref. @8#, to measure directly each of the four distinct com
ponents of the friction tensor as a function of the pair cen
to-center separationr. We make a detailed comparison b
tween our experiments and available theoretical predictio
Our paper is organized as follows: In the next section,
describe the details of our experiment. In Sec. III, we su
marize the Brownian motion of a pair of hydrodynamica
coupled spheres. We present our results in Sec. IV be
concluding.
©2001 The American Physical Society03-1
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II. MATERIALS AND METHODS

A. Synthesis and characterization

The colloidal suspension used consists of fluoresce
labeled poly~methyl methacrylate! @PMMA# spheres dis-
persed in a mixture of cyclohexane andcis-decalin. The par-
ticles were prepared following the procedures described
Ref. @12#, by a free-radical dispersion polymerization of
mixture of methyl methacrylate~54% by mass!, hexane
~30% by mass! and dodecane~16% by mass! using a
poly~methyl methacrylate!-poly~12-hydroxy stearic acid!
@PMMA-PHSA# comb copolymer as stabilizer. The fluore
cent agent, Nile Red, was incorporated into the reaction m
ture in order to fluorescently tag the particles. The partic
contained a final dye concentration estimated at 71mM and
are sterically stabilized by a physically adsorbed polyme
brush ~estimated to be;10 nm thick!. The PMMA-PHSA
stabilizer layer was subsequently covalently locked to
surface of the particles by a high-temperature esterificat
The fluorescent spheres were separated from the rea
mixture, cleaned by centrifugation, and redispersed in a m
ture of cyclohexane andcis-decalin. Previous studies@1#
have shown that the potential between PMMA-PHSA sta
lized spheres suspended in a hydrocarbon is essentially
spherelike with a strong short-range repulsion and neglig
attraction.

The synthesized particles were characterized by a com
nation of electron microscopy and light scattering. Scann
electron microscopy~SEM! images were collected using
JEOL JSM-6310 microscope. From an analysis of the S
micrographs~inset in Fig. 1! the standard deviation of par
ticle radii, p5A^a2&2^a&2/^a&, was determined as 4%. Th
value for the number-averaged radius^a& from SEM was
found to be unreliable because of electron-beam damag
an accurate value for̂a& was determined from static ligh
scattering~SLS! measurements. The time-averaged scat
ing from a very dilute suspension of the particles incis-
decalin was measured atl5488 nm using a Malvern 4700

FIG. 1. The circles depict the measured form factorP(q) as a
function of the scattering wave-vectorq for the colloidal spheres
used in this paper. The curve shows the scattering calculated
dilute suspension of homogeneous spheres of mean radiusa5652
nm, and polydispersityp56%. The inset shows a SEM micrograp
of the spheres. The scale bar is 10mm long.
06140
ly

in

-
s

c

e
n.
ion
-

i-
rd

le

i-
g

so

r-

spectrometer. A 488 nm laser-line interference filter w
placed in front of the photomultiplier to separate the sc
tered intensity from fluorescence emission. To minimize d
tortions from multiple scattering, measurements were ta
over a range of dilutions starting from a volume fractionf
'1% and decreasing until the dilution-corrected intens
remained unchanged. Figure 1 depicts the measured pa
form factor P(q) and a theoretical curve calculated for
homogeneous sphere of mean radius^a&5652 nm and a
polydispersity p of 6%. The discrepancies seen at low
scattering vector are probably a consequence of back re
tions or core-shell interference effects.

B. Dual-beam optical tweezers

The details of the dual-beam optical tweezer equipm
used have been described elsewhere@13#. A schematic of the
apparatus is shown in Fig. 2. In brief, our apparatus is b
around a modified inverted microscope~Axiovert S100 with
optics from Carl Zeiss! mounted on a vibration-isolated op
tical table. Two optical traps were created by tightly focusi
orthogonally polarized beams from a near-infrared laser~l
51064 nm, Nd-YAG, maximum power 0.5 W cw, 7910-Y4
106, Spectra-Physics! using an oil immersion objective
(1003/1.3 NA, Plan Neofluar, Zeiss!. The optical gradient
forces are strong enough to localize the spheres near the
of the two beams so that the center-to-center separatio
the two particles could be systematically varied by movi
the two beams. For small displacements of the particles fr
the optical axis of each trap the optical gradient forces
harmonic. The external restoring force on a sphereFext is
then simply proportional to its~lateral! displacementFext5
2k(x1y) where the coordinatesx andy lie within the focal
plane. The force-constantk is a function of the size and
optical properties of the trapped sphere.

The thermal motion of the trapped spheres was meas
by recording the interference between the forward scatte
light and the transmitted laser beam in the back-focal pl
of the microscope objective@14# using two quadrant photo
detectors, one for each polarized beam. Displacement
refractive sphere away from the optical axis causes the
field angular-interference pattern to become noncircular.
small displacements, compared to the radius of the wais

r a

FIG. 2. Schematic diagram of dual-beam optical tweezer. T
foci of the two orthogonally polarized beams are located at
origin O and at the end of the vectorR. Axes are used with thex
axis parallel to the vectorR and they axis lying in the focal plane
of the two beams. Vectorsr1 andr2 define the positions of the two
Brownian spheres. The particle center-to-center separation vect
r5r22r11R.
3-2
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the focused beam, the deviation from circularity is linear
the particle displacement. The fluctuating change in the
terference pattern at the quadrant detector is recorded a
two perpendicular directions by calculating the differen
between the sum of the horizontal and vertical quadrant
nals using custom-built low-noise current-to-voltage conve
ers. The analog signal is amplified, filtered, and then d
tized using a 12-bit A/D card~PCI-MIO-16E-4, National
Instruments! with data acquisition software written in Lab
view ~National Instruments!.

The samples studied consisted of a 170mm thick layer of
a very dilute suspension of PMMA spheres (f5531026).
The suspension was contained within a custom-made rec
gular capillary cell with walls 170mm thick ~close to the
thickness of standard #1 coverslips!, so that optical distor-
tions were minimized. The cell was completely filled, befo
the ends of the capillary cell were hermetically sealed wit
rapid setting epoxy resin. The colloidal spheres~with a re-
fractive indexnc of 1.494! were suspended in a mixture o
cyclohexane~72.1%, by weight! and cis-decalin with an
overall refractive index (ns) of 1.431 and viscosityh
51.22 mPa s. The composition of the solvent mixture w
determined by a compromise between the need to gener
large and positive refractive index mismatch between coll
and solvent to maximize trapping forces and a desire to m
mize the refractive index difference between suspension
immersion oil (noil51.518) to reduce spherical aberatio
Increased spherical aberation reduces the depth inside
cell at which spheres may be trapped and so increases
likelihood of significant hydrodynamic coupling of the pa
ticles to the walls of the cell. The composition chosen
lowed reasonably strong trapping forces to be generated
within the cell and at least 40mm from cell walls. Finally, to
eliminate adsorption of colloidal spheres onto the walls
the cell a low concentration of the PMMA-PHSA stabiliz
was added to the suspension. The free stabilizer abs
strongly onto the glass walls of the cell generating th
polymeric layers so that particles could be readily remov
using optical forces. The sample chamber was glued t
microscope slide for ease of handling and mounted o
piezoelectric translation stage for fast and accurate pos
and motion control.

C. Calibration

Calibration of the instrument was carried out in tw
stages. First, the detector response was determined by
ning an immobilized particle through a stationary laser t
and recording the resulting signal. A capillary cell with
colloidal particle adsorbed onto its lower surface w
mounted on a piezoelectric translation stage~Physike Instru-
mente P-517 2CL! and driven with a sine wave of amplitud
1 mm at a frequency of 0.1 Hz. Capacitative position sens
~Physike Instrumente E-501.00! were used to monitor the
position of the stage and correct for the nonlinearity a
hysteresis of the piezoactuators. The detector response
recorded for about 1000 s and analyzed by plotting the
tector voltage against particle position. The slope of the
ear central region of this plot was estimated by linear reg
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sion from an averaged response-displacement curve.
resulting sensitivity factor was used to convert the detec
voltage signals into particle displacements. The proced
was repeated for motion along the second orthogonal a
We found that the measured sensitivity varied significan
with the axial position of the particle even in the range
60.5 mm where the particle appeared to be focused in
image. Because of the resulting problems of reproducibil
we adopted routinely an alternative more robust procedur
calibrate the detectors that had the advantage of yield
rapid simultaneous estimates of both the sensitivities
stiffness of the optical trap.

The method depended on a measurement of the therm
driven position fluctuations of a single trapped particle. T
mean-squared displacement^Dx2(t)& of a Brownian sphere
in a harmonic potential has been analyzed in detail by Uhl
beck and Ornstein@15#. Their analysis reveals that for time
long compared with the relaxation time of the velocity au
correlation function,̂ Dx2(t)& increases exponentially with
time,

^Dx2~ t !&5^Dx2&`F12expS 2
2D0t

^Dx2&`
D G , ~1!

with D0 the free-diffusion constant, which for an isolate
particle, is given by the Stokes-Einstein expressionD0
5kBT/6pha. The detector voltageV(t) is proportional to
the particle displacementV(t)5Cx(t), so the time-averaged
mean-squared detector is similarly

^DV2~ t !&5a~12e2bt!. ~2!

The constantsa andb are functions of the detector sensitiv
ity C and trap stiffnessk. Inverting this relationship gives
expressions for the two calibration constants,C and k, in
terms of measurable quantities,

C5Aab/~2D0!,

k5bkBT/D0 . ~3!

To calibrate the detector, the voltage record from a sin
trapped PMMA particle, far away from either the walls of th
capillary or other particles, was measured for at least 5
(220 data points!. The mean-squared fluctuation in the dete
tor signal^DV2(t)& was calculated and fitted by a nonline
least squares algorithm to Eq.~2!. The detector sensitivity
and trap stiffness were found from Eq.~3!, using measured
values for the solvent viscosity and particle radius. This p
cedure was very reproducible with the scatter in the se
tivities and force constants for individual particles bei
about 63% ~coefficient of variation!. However, we found
significantly larger variations~610%! when a number of dif-
ferent particles were used. We ascribe this variation to
small but finite polydispersity of our particles.

D. Cross correlations

The Brownian fluctuations in position of an individua
pair of spheres were measured. Two spheres were trapp
3-3
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FIG. 3. Measurement of the single-partic
distribution function P(Dx) for displacements
Dx parallel to the center-to-center vectorR. Part
~a! shows a typical histogram, measured wi
spheres trapped in both thep- ~filled circles! and
s-polarized traps~open circles! at a trap separa-
tion of R52.06mm. Fitting to a Gaussian yields
the rms displacements. The measured values o
s ~b! do not change with the laser-trap separati
R, confirming that the two optical traps are inde
pendent of each other.
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the same focal plane, 40mm above the lower glass wall an
130 mm from the upper wall. All other particles in the fiel
of view were removed. The instantaneous positions of
two spheres were collected and digitized at 20 kHz. To p
vent aliasing of high-frequency noise from the amplifi
electronics, signals were passed through a low-pass fi
with a bandwidth of 34 kHz before digitizing. Particle tra
jectories were recorded for 419 s~223 data points! to ensure
adequate statistical averaging. Immediately after record
the thermal fluctuations of a particle pair and before mov
to the next pair separation, each of the laser beams
blocked in turn and the stiffness and sensitivity of both tra
were determined by the methods outlined in Sec. II C.
minimize scatter in single-particle experiments, it is imp
tant to use the same individual pair of particles. To do th
one of the spheres was first deposited at the bottom of
cell before the appropriate beam was turned off. The Brow
ian motion of the remaining sphere was then recorded
52 s~220 data points! before, in turn, this particle was store
at the base of the cell and the second beam was calibra
After calibration, both lasers were then turned on, the sa
two particles trapped, and the trap separation reduced.
ticle fluctuations were measured at a total of twelve differ
pair-separationsr ranging from 2.06 to 18.87mm using two
different individual sets of particles. The spacing between
centers of the two traps was measured with an accurac
about 40 nm by identifying the centers of trapped sphe
using a centroid tracking algorithm.

The data were analyzed using a suite of routines, imp
mented using theIDL programming language~Research Sys
tems!. The analysis was complicated by the pointing ins
bility of our laser. The instability caused the positions of t
laser traps to move apparently randomly within the fo
plane over distances of order 10 nm on a time scale of a
seconds. These small and slow variations have no signifi
effects on the dynamics of the trapped spheres that track
laser beam rapidly. However, they complicate the extrac
of trajectory information from the voltage recordV(t). To
reduce the resulting drifts in the baseline, all experimen
data was split into short blocks typically containing 214 data
points~0.8 s!. Each block was analyzed separately before
individual results were averaged together. By this mea
fluctuations in the data that decay on times long compa
06140
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with the block interval are suppressed, while the rapid flu
tuations, which constitute the signal of interest, are not
tenuated.

Before determining the dynamical two-particle corre
tions, the equilibrium single-particle distributions was fir
checked. The probability of finding a one-dimensional d
placementDx from the trap origin is Gaussian,

P~Dx!5
1

A2ps2
e2~Dx2/2s2), ~4!

with s the root-mean squared~rms! displacement̂x2&1/2. At
each pair separation, the distribution functions were cal
lated for motions parallel and perpendicular toR. A selection
of normalized distributions are depicted in Fig. 3~a! where it
is clear that the experimental distributions are accurately r
resented by Gaussians. The rms widths does not change
with trap separation@Fig. 3~b!#. Consequently, there are n
measurable interparticle forces acting between the parti
at separations.2 mm.

To study the dynamical correlations between the trap
spheres, the normalized functions,

hi j ~ t !5
^xi~ t !xj~0!&

A^xi
2&^xj

2&
,

gi j ~ t !5
^yi~ t !yj~0!&

A^yi
2&^yj

2&
~5!

~with subscriptsi and j labeling the traps! were determined
from the particle trajectories using a fast fourier transfo
~FFT! algorithm. A coordinate system was chosen~with laser
traps at position vectorsR1 and R2! so that thex axis is
orientated along the vector,R5R22R1 connecting the two
laser traps, thez axis is parallel to the laser beam, and t
origin at the focus of beam one~Fig. 2!.

The cross-correlation functions measured were correc
for the effects of depolarization~less than a few percent!
which occurs as a polarized beam passes through a high
microscope objective. Any depolarization of thes-polarized
beam generates, for instance, a weakp-polarized signal,
3-4
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DIRECT MEASUREMENTS OF COLLOIDAL FRICTION . . . PHYSICAL REVIEW E64 061403
which is recorded by thep detector. Accordingly, there is a
instantaneous contribution form depolarization to the m
sured cross correlations. To remove this artifact, the cr
correlation of the outputs of thes andp detectors was mea
sured with each of the two laser beams alternately turned
Combining measurements of the cross-correlation func
when both lasers are on@Csp(t)#, and with just one laser on
@either thes laserCs(t), or thep laserCp(t)# provided an
estimate of the sample cross correlationC(t) as

C~ t !5Csp~ t !2Cs~ t !2Cp~ t !. ~6!

The depolarized correction functionsCs(t) and Cp(t) did
not vary with particle separation and they were theref
determined from the calibration runs.

III. THEORETICAL ANALYSIS

For completeness, we summarize here the stochastic
tion of a pair of Brownian particles correlated only by h
drodynamic forces. We consider two spherical particles, e
of massm and radiusa, immersed in an unbounded incom
pressible fluid of shear viscosityh and confined by the ex
ternal potential,

Vext~r1 ,r2!5
1

2
kr1

21
1

2
kr2

2. ~7!

When a sphere is set into motion by a thermal fluctuation
sets the surrounding fluid into motion. The resulting hyd
dynamic force is transmitted to a particle a distancer away
on a time of ordertv5r 2/n. On timest@tv , hydrodynamic
interactions reach their long-time asymptotic or Stokes lim
Since the time scale of our experiments (t;1023 s) is much
larger thantv , we may safely ignore propagation effects.
the quasistatic limit, hydrodynamics are described by the
ear Navier-Stokes equations for steady, incompressible
@16#. The linearity of these equations ensures that the hyd
dynamic force2Fi exerted by the fluid on thei th sphere is a
linear function of the translational velocitiesui ,

S F1

F2
D5S j11 j12

j12 j11
D S u1

u2
D , ~8!

with the friction tensorsji j as coefficients. A system of two
spheres is axially symmetric about its line of centers,r5r2
2r1 , and so the friction tensor may be split into eleme
parallel,ji j

i , and perpendicular tor ,ji j
' ,

ji j 5ji j
i rr

r 2 1ji j
'S 12

rr

r 2D . ~9!

In consequence, only four coefficients~j11
i , j12

i , j11
' , and

j12
' ! are needed to fully quantify the hydrodynamic forc

between two spheres.
The Langevin equation for a system of two harmonica

bound spheres is
06140
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du1~ t !

dt
52j11u1~ t !2j12u2~ t !2kr1~ t !1KR,1~ t !,

m
du2~ t !

dt
52j11u2~ t !2j12u1~ t !2kr2~ t !1KR,2~ t !,

~10!

where the random forceKR,i(t) is Gaussian with a vanish
ingly short correlation time,

^KR,i~ t !KR, j~ t8!&52kBTji j d i j d~ t2t8!. ~11!

Because there is no coupling between motion parallel
perpendicular to the separation vectorr , we drop the vector
notation from here on and consider only the parallel~x! di-
rection. Equation~10! is solved by standard techniques. Th
dynamics is first decomposed into the two independ
modes,

X15
1

A2
~x11x2!,

X25
1

A2
~x12x2!, ~12!

which describe, in turn, a cooperative and relative motion
the two spheres. The mean-square displacement of the i
pendent modes,̂DX6

2 (t)&5^@X6(t)2X6(0)#2&, may be
written formally as

^DX6
2 ~ t !&5

kBT

p i E
2 i`

1 i`

ds est
1

s3m1s2j61sk
, ~13!

wherej65j116j12 ands is the Laplace frequency. The in
verse Laplace transform is readily performed to yield

^DX6
2 ~ t !&5

2kBT

k
2

2kBT

m~a62b6! F 1

b6
e2tb62

1

a6
e2ta6G

~14!

with

a65
1

2m
@j61~j6

2 24mk!1/2#,

b65
1

2m
@j62~j6

2 24mk!1/2#. ~15!

In the strongly overdamped limit, wherej6
2 @4mk,

^DX6
2 (t)& decays on two widely separated times scales

fast Brownian scale,tB5m/j6 and a second slower interac
tion time scalet I5j6 /k. For typically sized colloids,tB
;1027 s and so the fast decay is essentially complete on
experimental time scale. Fort@tB , the mean-square dis
placement is given by the asymptotic expression,

^DX6
2 ~ t !& t@tB

5
2kBT

k
@12e2kt/j6# ~16!
3-5
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and the particle correlation is from Eq.~12!,

h11~ t ! t@tB
5

1

2
@e2kt/j11e2kt/j2#,

h12~ t ! t@tB
5

1

2
@e2kt/j12e2kt/j2#. ~17!

From these equations, it is clear that the cross correla
h12(t), in particular, is very sensitive to the asymmetry in t
relaxation times between the cooperative and relative mo
The cross correlation has a minimum att5tmin that, to lead-
ing order in the ratioj12/j11, is fixed by the individual fric-
tion coefficient,

tmin5
j11

k F12
2

3 S j12

j11
D 2

1¯G , ~18!

while the depth of the minimum, depends on a ratio of fr
tion coefficients,

h12~ tmin!5e21
j12

j11
F11

1

6 S j12

j11
D 2

1¯G . ~19!

Hence, a fit toh12(t) can yield both friction coefficients. By
way of contrast, the autocorrelation function changes o
slightly with separation. Indeed, at short times,h11(t) is
well approximated by a single exponentialh11(t).e2t/ts

with an effective short-time decay timets
215

2 limt→0 d ln h11(t)/dt,

ts5
j11

k S 12
j12

2

j11
2 D . ~20!

For widely separated particles~where uj12u!uj11u! ts con-
verges toj11/k.

IV. RESULTS

The trajectories of a pair of isolated spheres were m
sured for a number of different center-to-center separat
(2.06mm,r ,18.87mm). The coordinates of both sphere
parallel and perpendicular to the vectorR5R22R1 linking
the two optical traps, were recorded with a precision of'1
nm at intervals of 50msec for about 8 min in total duration
At each separation, the strengths of the laser traps were
termined from a measurement of the Brownian fluctuatio
of a single trapped particle. The intensities of the two bea
were then carefully adjusted until the force constants of
two traps differed by less than62%. Each optical trap was
essentially isotropic, with force constants measured para
and perpendicular toR differing by less than;7%. While
the force constant of the external potential varied somew
with the exact size of the trapped sphere, measured va
were of the order of 5.131026 Nm21, for a laser intensity~at
the sample! of about 30 mW. The corresponding rms di
placement of each trapped sphere is'40 nm, which is suf-
ficiently small in comparison with typical center-to-cent
separations to ensure that all dynamical correlations w
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recorded at an essentially fixed pair separation.
A typical set of data collected from a pair of 0.652mm

radius spheres at four different center-to-center separat
(r5r /ā with ā the mean particle radius! is shown in Fig. 4;
we plot the normalized cross-correlation functionh12(t) for
motion parallel to the separation vectorR versus the delay
time t. As a result of averaging over 8 million particle pair
the signal-to-noise ratio of the data is good at short times
longer times, there are additional random fluctuations t
limit the overall signal-to-noise level of our data; these lon
time fluctuations are caused mainly by base-line drifts in
detection signals as a result of laser pointing instabiliti
The data reveals clearly how the trajectory of one particle
affected by the motion of a neighboring sphere through
drodynamic interactions. First, the lack of correlation evide
in Fig. 4 at very short time scales confirms the absence
any direct potential coupling between the two spheres si
the particle trajectories are notstatically correlated att50.
The stochastic displacements of the two trapped spheres
coupled only by hydrodynamic interactions. Second, the c
relations seen in Fig. 4 are entirelydynamicalin origin; no
correlations are present at the longest time scales of our
periment. The coupling seen is a dynamic time-depend
phenomenon that arises as a consequence of particle m
through the surrounding fluid. Finally, we note rather surpr
ingly that the correlations between particle displacements
antisymmetric~as noted in Ref.@8#! and extremely long
ranged~measurable at pair separations.30 particle radii!.

For a quantitative interpretation of the data, we have fit
the measured cross correlation to the theoretical express
given in Eq.~17!, using the experimentally measured valu

FIG. 4. The time dependence of the correlationh12(t) between
the center positions of a pair of spheres, parallel to the separa
vector r , at four different normalized center-to-center separatio
The two 0.652-mm-radius PMMA spheres were held a mean d
tancer apart by two equal-strength optical traps of force const
k55.131026 Nm21. The measured cross correlations~indicated by
the symbols! were determined from a dataset consisting of 8.4 m
lion measurements of the instantaneous positions of the two sph
at intervals of 50ms. For clarity, only every tenth measured value
plotted. The solid lines through the data is a fit to Eq.~17!.
3-6
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for the force-constantk. A small sample of the resulting fit
are shown by the solid curves in Fig. 4. Agreement is see
generally very good. From this least-squares fitting pro
dure, we extract directly the separation dependence of
friction coefficients for the collective@j1

i (r)# and relative
motion @j2

i (r)# parallel to the pair separation vector,
equivalently, the self@j11

i (r)# and interaction friction coef-
ficients @j12

i (r)#. The resulting values are shown in Fig.
plotted versus the inverse particle pair separation 1/r. The
same procedure was used to analyze the transverse co
tion functions gi j (t) yielding the resulting friction coeffi-
cients for motion perpendicular to the interparticle vectorr ,
plotted in Fig. 5. It is clear from this figure that the self a
interaction friction coefficients exhibit markedly differen
distance dependencies. While the self-friction coefficien
only weakly dependent on the pair separation, the interac
coefficient, by contrast, varies inversely with the pair se
ration r, at least for large distances. This distance dep
dence is evident in the data plotted in Fig. 4 where the ti
of the minimum in the cross correlation (tmin) does not
change noticeably with separation~from Eq. ~18!, tmin

FIG. 5. The joint ~top! and self ~bottom! friction coefficients
measured for a pair of spheres as a function of the inverse dim
sionless separation 1/r5a/r . The values are normalized byj0 , the
friction coefficient of an isolated sphere. The filled circles den
measurements parallel to the pair separation vectorr and open
circles perpendicular tor . The solid and dashed curves are the th
oretical predictions, calculated with no adjustable parameters f
Eqs. ~21! and ~22!, for the parallel and perpendicular geometrie
respectively. The data is in excellent agreement with the theore
low-Reynolds number predictions. The dotted lines indicate
long-range asymptotic behavior.
06140
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'j11 /k! while the depth of the minimum, which is esse
tially j12/ej11, is seen to change substantially withr.

Our experimental measurements for the distance and
ometry dependence of the friction tensor may be compa
directly with accurate calculations of the low-Reynolds nu
ber hydrodynamic interactions between a pair of identica
sized spheres. For the case when the spheres are well
rated, Jeffrey and Onishi@17# have given the following
asymptotic expressions for the elements of the friction t
sor, parallel~i! to the interparticle vectorr ,

j11
i

j0
511

9

4r2 1
93

16r4 1
1197

64r6 1O~r28!,

j12
i

j0
52

3

2r
2

19

8r32
387

32r5 1O~r27!, ~21!

and perpendicular~'! to r ,

j11
'

j0
511

9

16r2 1
465

256r4 1
14745

4096r6 1O~r28!,

j12
'

j0
52

3

4r
2

59

64r32
2259

1024r5 1O~r27!, ~22!

where j056pha is the friction coefficient of an isolated
sphere. The theoretical predictions for the distance dep
dence of the friction coefficients are shown in Fig. 5 by t
solid and dashed curves. The agreement with the experim
tal data is excellent, particularly when it is recalled that the
are no adjustable parameters in the comparison.

While the joint correlation between spheres is clearly
fected by their proximity, the effect of hydrodynamic co
pling on the individual particle autocorrelations is mo
subtle. The analysis of Sec. III predicts that the normaliz
autocorrelation functionh11(t) should be a sum of two ex
ponentially decaying terms, a rapid collective mode, an
slower relaxation due to the relative motion of the tw
spheres. The relaxation times of the two modes are equ
the spheres are well separated and differ significantly fr
each other only at small separations. Consequently, we
pecth11(t) to be a single exponential at large separations
to exhibit an increasing degree of nonexponentiality as
particle separations is progressively reduced. Our data for
correlation functionh11(t) for motion parallel tor , plotted in
Fig. 6, confirms this prediction with significant deviation
from an exponential decay evident only at the smallest p
separations. The inset diagram displays the initial decay t
ts ~scaled by the single-particle decay timet05j0 /k!, deter-
mined from a fit to the parallel autocorrelation data fort
,1 msec, as a function of the particle pair separation. T
solid curve depicts the theoretical dependence expected
Eqs.~20! and ~21!. Agreement is again very convincing.

Finally, on first sight, the observation that the measu
joint correlation is negative is a little surprising since, as
result of hydrodynamic interaction, one might have expec
a particle to tend to move a neighboring particle in the sa
direction. However, the net fluid flow across any clos

n-

e

-
m
,
al
e
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plane must vanish in an incompressible fluid. Consequen
outside the laminar wake generated by a moving part
there will always be an additional backflow of displac
fluid, directed back towards the moving particle@18#. A
neighboring particle swept along by this backflow will ten
to become anticorrelated with the original particle. The d
gree of correlation observed between two spheres depend
the relative proportions of the symmetric~collective! and
antisymmetric~relative! modes excited. This ratio is tim
dependent because hydrodynamic interactions between
two spheres cause the collective mode to relax more rap
than the relative mode. This is easily confirmed from E
~21! and ~22!, which provide the following explicit expres
sions for the collective (j1) and relative (j2) friction
constants,

FIG. 6. The single-particle position autocorrelation functi
h11(t), for displacements parallel to the interparticle vectorr , mea-
sured at four different center-to-center separationsr. The data is
well represented by an exponential at large separations but sh
an increasing deviation from a simple exponential decay with
ducing particle separation. The inset shows the limiting short-t
decay time determined from the measured autocorrelation funct
as a function of the inverse pair separation. The values are scale
the asymptotic limiting decay timet0 measured when the particle
are widely separated. The solid curve indicates the theoretical
dictions of Eqs.~20! and ~21!.
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j6
i

j0
517

3

2r
1O~r22!,

j6
'

j0
517

3

4r
1O~r22!, ~23!

where the upper signs apply to the collective mode and
lower to the relative. The friction coefficients for the colle
tive mode are reduced because of the tendency for the
flow generated by one sphere to entrain and sweep alo
neighboring sphere. Relative friction coefficients are
creased because of the difficulty of squeezing fluid out of
into the gap between two approaching spheres. In con
quence, the relative fluctuations generated by the part
pair decay at a slower rate than the collective fluctuatio
and the particle trajectories develop a pronounced antico
lation. The observed anticorrelation is however dynami
since on a longer time scale all fluctuations decay and
spheres eventually become uncorrelated.

V. CONCLUSIONS

In this paper, we have shown that hydrodynamic inter
tions lead to strong long-range correlations between the
jectories of Brownian particles. From an analysis of coup
trajectories we have measured directly the distance de
dence of all of the elements of the friction tensor betwee
pair of particles, both parallel and perpendicular to the p
separation vector. The measured values are in exce
agreement with low-Reynolds number predictions for pa
wise hydrodynamics.
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