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We treat the problem of defining the ideal x-ray refractive
lens design for point focusing of low emittance x-ray beams
at third- and fourth-generation synchrotron sources. The
task is accomplished by using Fermat’s principle to define
a lens shape that is completely free from geometrical aber-
rations. Current microfabrication resolution limits are
identified, and a design that tolerates the inherent fabrica-
tion imperfections is proposed. The refractive lens design
delivers nanometer-sized focused x-ray beams and is com-
patible with current microfabrication techniques. © 2015
Optical Society of America
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X rays are weakly refracted by most materials, and yet refractive
and refractive-diffractive (or kinoform) lenses are some of the
most promising nanofocusing optics for beam lines at third-
and fourth-generation synchrotron laboratories. Collimating
or focusing lenses are often preferred to other optics that deliver
higher flux (e.g., bent mirrors or multilayers) in cases such as
crystal diffraction experiments, imaging, and small-angle scat-
tering, where intrinsic chromaticity is not a limitation to the
experimental technique. Simple alignment, small lens foot-
print, and the absence of zero or higher orders of diffraction
make these lenses even more attractive.

Nanofocusing optics have very short focal lengths, and, for
grazing incidence mirrors, this implies a limited mirror length
and beam acceptance. Micro-optics, such as zone plates, multi-
layer-Laue lenses, and refractive lenses, have even smaller accep-
tance than mirrors because limited aspect ratios are possible
with the fabrication methods currently employed. Planar nano-
focusing refractive lenses have been made using e-beam or x-ray
beam lithography and silicon etching [1–3] or diamond chemi-
cal vapor deposition (CVD) [4]. Single crystal silicon substrates
have been successfully used to fabricate lenses that are installed
on scanning microscope beam lines. Development of a robust
method for fabricating diamond x-ray refractive optics is, thus,
a high-priority research topic in the general field of synchrotron
optics and instrumentation [5,6]. A single crystal diamond is

the ideal x-ray lens material due to both its excellent thermal
properties (e.g., on free-electron laser beams [7,8]) and low
x-ray absorption. However, microfabrication of diamond is not
currently as advanced as silicon due to the material hardness
and chemical inertness. Nanoprobe beam lines, which are often
equipped with low-aperture optics, would enormously benefit
from diamond lenses with higher efficiency. In this Letter, we
propose advanced lens designs for silicon and diamond optics.

The theoretical problem of finding the ideal nanofocusing
x-ray lens design has been discussed [9]. To increase the
numerical aperture, while removing geometrical aberrations,
arrays of N lenses with decreasing radii have to be used [9,10].
The explicit analytical solutions for such aberration-free arrays
have not been previously presented. Finally, Fermat’s principle
has been used to define a lens shape that is not affected by geo-
metric aberrations [11], and, for highly collimated beams such
as x rays from synchrotron sources, this shape is either an ellipse
or a hyperbola. In the paraxial rays approximation, the focal
length of a refractive surface is given by

f i �
Ri

δ
; i � 1; 2; 3;…; N ; (1)

where Ri is the curvature radius at the apex, and δ is the real
part of the refractive-index decrement n:

δ � 1 − RE�n�; (2)

For x rays, δ is a very small positive number. A hypothetical
single surface nanofocusing lens would require a radius of cur-
vature that is too small for existing fabrication technologies. It
is, therefore, necessary to define geometrical properties of an
aberration-free optic consisting of an array of N refractive
surfaces in which Ri < Ri−1.

We start from some simple observations on the nature of
aberration-free x-ray refractive surfaces [11,12]:

1. An elliptical surface will focus a parallel x-ray beam in-
cident upon it as the radiation passes from the material into air.

2. A hyperbolic surface will focus a parallel x-ray beam in-
cident upon it as the radiation passes from air into the material.

3. An oval of Descartes will focus an incident divergent
beam emitted by a point source.

4. There is no analytical solution for a lens shape to refocus
an incident convergent beam.
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Therefore, an array of N refractive surfaces, where each sub-
sequent surface focuses the radiation with higher angles of con-
vergence, i.e., to shorter back focal lengths [12], does not exist.
Similarly, a convergent beam from the first surface in the array
cannot be focused further by a second one. The only analytically
correct, aberration-free solution for the second refractive surface
is a collimating optic. The third surface is then focusing the in-
coming parallel beam. This sequence can be repeated, and, in
general, odd-numbered surfaces will be focusing the beam;
even-numbered lenses will be collimating the radiation. In an
array of refractive surfaces, the back focal length is defined as the
distance of the focal plane from the apex of the last surface in
the array, which is calculated for a parallel incident beam [12].
The lens-maker formula for thick lenses can be used to deter-
mine the back focal length f ≡ f N of the compound system:

f �
�

1

f N−1

−
1

dN−1 − f N

�
−1

: (3)

The back focal length of an array with a total number i of re-
fractive surfaces, where d i is the separation from lens apex
i − 1 to lens apex i, is

f i �
�

1

f i−1

−
1

d i−1 − f i

�
−1

: (4)

For numerical simulation purposes, the designer can verify that
each surface produces an image, at distance qi from the lens apex,
defined by

qi �
�
1

f i
−
1

pi

�
−1

: (5)

The object distance for any surface with i ≥ 2 is

pi � �d i−1 − qi−1�: (6)

The lengths of the refractive elements are not negligible com-
pared with their respective focal lengths; therefore, Eqs. (5)
and (6) have to be applied to each surface and not to the com-
pound system. The theoretically correct lens systems are illus-
trated in Fig. 1. These aberration-free arrays are made of

1. N elliptical surfaces
2. N∕2 ellipses (for odd values of i ) and N∕2 hyperbolas

(for even values of i )
3. N hyperbolic surfaces
4. N − 1 hyperbolic surfaces with a final elliptical surface
All arrays in the figure are, in principle, equivalent; however,

they are not all practically feasible due to length of the array. An
array with nested lenses [Fig. 1(a)] is therefore the best solution.

Due to absorption, we propose the use of kinoform lens
arrays [10], also shown in Fig. 2. As discussed, it may not
be possible to precisely sculpt a kinoform diamond lens; there-
fore, a diamond ultrashort focal lens is illustrated in Fig. 3. In
order to describe a possible nanofocusing-nested kinoform lens,
we choose a back focal length of the compound system with
f � 21 mm, N � 3. Design parameters and efficiency calcu-
lations, including the diffraction limit or smallest focused beam
size s, are summarized in Tables 1 and 2. We use ray tracing to
simulate single ellipse lenses and arrays on a typical focusing
setup on a high brilliance undulator source. The results show
that the proposed designs are capable of focusing light to a
nanometer-sized beam; therefore, the focusing is diffraction
limited.

For the silicon kinoform lenses, a smallest sidewall width is
proposed of t � 1 μm (Table 1); for diamond, we use t �
10 μm (Table 2). This is due to the aforementioned limitations
of diamond microfabrication and lower aspect ratio expected
for this material. Lens transmission, T , is calculated as the ratio
of flux transmitted to flux incident within the lens effective
aperture, Aeff [13]. The effective aperture is defined as the aper-
ture in which the transmitted flux is 75% of the total maximum
flux delivered by the lens, in its full geometrical aperture,
A. The lens design provides a solution for aberration-free,
diffraction-limited focusing when the incident beam is colli-
mated. The diffraction limited beam size, s, is calculated as
the full width at half-maximum of the Airy disk:

Fig. 1. (a) Arrays of elliptical surfaces. (b) Alternating elliptical and
hyperbolic surfaces. (c) Hyperbolic surfaces. (d) Hyperbolic surfaces
with one final elliptical surface.

Fig. 2. Design for a silicon or diamond lens with kinoform profiles
(see Tables 1 and 2 for efficiency calculations).

Fig. 3. Design for a diamond lens without kinoform profiles.
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s � 0.75 ×
λ

2 ×NA
; (7)

where λ is the photon wavelength, and NA is the numerical
aperture:

NA � Aeff

2f
: (8)

One important property of an aberration-free lens is that the
focused beam waist is found at the nominal focal plane, i.e., at
distance f from the apex of the last surface (when the beam
impinging on the last surface is collimated). The geometrical
ray-tracing results illustrating this fact are shown in Fig. 4. We
have used an ideal single ellipse or array of ellipses [Fig. 1(a)
and Table 1, E � 8 keV] and simulated focusing of an
incoming beam with divergence σ 0 � 1 μrad [Fig. 4(a)] and

σ 0 � 0.01 μrad [Fig. 4(b)]. Only geometrical focusing is con-
sidered, i.e., no diffraction is present. We have used arrays of
ellipses or parabolas with decreasing radii, however, not follow-
ing the optimal design, for Figs. 4(c) and 4(d) (with an incom-
ing beam with divergence σ 0 � 1 μrad and σ 0 � 0.01 μrad
respectively). The lens focal plane is found almost exactly at
f � 21 mm in both cases (a) and (b). Large aberrations are
present in both cases (c) and (d), and the beam waist is found
several mm away from the nominal focal plane.

In conclusion, we have offered a simple yet analytically cor-
rect design for planar nanofocusing refractive optics. We have
shown that they can be designed with improved apertures.
Silicon x-ray lenses are not currently available commercially;
however, the fabrication tools exist to make them a standard
beam line optics component. Several fabrication methods are
being tested for achieving similar results in diamond, including
molding, laser cutting, and dry etching. We have shown that
higher apertures and transmission values are possible with this
desirable material, in addition to a smaller focused beam of
order s ≈ 20 nm, thereby justifying the trend in diamond re-
search for optics synchrotron applications.

In practical terms, the lens radii required in these designs are
at the limit of current lithographic techniques. We have tested
fabrication of a silicon kinoform lens with a radius as small as
few tens of nanometers. Fabrication was made using e-beam
lithography and fast-switching Bosch deep reactive ion etching.
The system employed was an Oxford Instruments PlasmaPro
100 Estrelas. Etch angles of approximately 89.9° and scalloping
amplitudes lower than 40 nm were achieved.
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