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Abstract. We investigate the eects of the reversal of the gravitational ﬁeld
onto a sedimented and partially crystallised suspension of nearly-hard sphere
colloids. We analyse the structural changes that take place during the melting of
the crystalline regions and the reorganisation and assembly of the sedimenting
particles. Through a comparison with numerical simulation, we access the singleparticle kinetics and identify the key structural mechanism in the competition
between ﬁve-fold symmetric and cubic crystalline structures. With the use of
a coarse-grained, discrete model, we reproduce the kinetic network of reactions
underpinning crystallisation and highlight the main microscopic transitions.
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1. Introduction
Colloidal ‘hard’ spheres are a classical model for the experimental study of the thermodynamics and the dynamics of liquids, crystals and glasses [1–3]. In particular, they
constitute an excellent system for the study of crystallisation, since they allow for the
identiﬁcation at the particle level of the structural changes and the kinetic processes
that accompany the transition [4], both in the bulk [5–8] and in presence of interfaces
[9–14]. In principle, it is possible to prepare density matched suspensions, where gravity
plays no role and crystallisation stems from homogeneous or heterogeneous nucleation,
depending on the boundary conditions of the experimental sample. However, even a
minor density mismatch between the ﬂuid and the particles leads to the formation of
uneven density proﬁles reﬂecting the isothermal hard-sphere equation of state [15, 16],
and their denser regions trigger the formation of crystalline nuclei [17]. These lead to
crystallisation and the formation of time-evolving solid–liquid interfaces. Indeed, the
nature of crystallisation in hard-sphere colloids is markedly dierent in microgravity,
where dendritic growth is found [18, 19]. At steady state, in the presence of ﬂat walls,
layering and ordering in the direction of the gravity ﬁeld at the surface of the walls
has been observed [20] and can be theoretically predicted in the framework of classical
density functional theory [21], while the introduction of rough, disordered walls has
been shown to diminish or suppress such an eect [22, 23].
Although the equilibrium behaviour of sedimenting hard particles is well known
[24, 25], advances in the description of the dynamics at the single-particle level have
been achieved only relatively recently [26, 27], with a main focus on the time-evolution
doi:10.1088/1742-5468/2016/08/084004
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3. Crystal formation, melting and
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3.2. Kinetics of the reorganisation. .
3.3. Coarse-grained model. . . . . . .
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2. Model and methods
2.1. Crystallisation under sedimentation

In order to control the self-assembly of colloidal particles into crystalline states, we
use gravity to manipulate the local density. Preparing a slightly density mis-matched
colloidal suspension allows for the control of the driving force for crystallisation, which
triggers the densiﬁcation of the sample and the subsequent crystalline assembly. An
inversion of the gravitational ﬁeld (obtained by a vertical inversion of the prepared
sample) sets the entire crystal under a considerable strain that induces a gradual melting, motion of the liquid–solid interfaces, re-assembly and settling of the crystal in a
new equilibrium conﬁguration.
In our experiment, we consider a dense colloidal suspension conﬁned in a glass capillary of rectangular section. Residual charges on the particles and substrates and Van
doi:10.1088/1742-5468/2016/08/084004
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of the density proﬁles. This has revealed that a representation through the usage of a
1-dimensional density functional theory [28] approach can reproduce extremely well
the experimental features, suggesting that growth takes place under quasi-equilibrium
conditions.
However, this approach cannot yet tackle situations where a ﬂuid-solid transition
occurs. Consequently, little is known about the detailed structure of the particles forming the interfaces, the role of eventual imperfections and the kinetic pathways that lead
to the formation of the sedimented equilibrium proﬁle. This aspect is important, since
a better understanding of the local kinetics would allow us to gain valuable insight on
the intermediate steps through which crystallisation takes place. This would improve
our understanding of interfacial growth, and improve surface properties of crystalline
materials.
In this work, we investigate an experimental system of nearly hard-sphere colloids
conﬁned by spontaneously formed rough walls and focus on the kinetics of sedimentation and its eects on the structure of the liquid and the crystal, under moderate
density mismatch conditions. In particular, we discuss the dissolution of partly formed
crystallites and the structural response of a sedimented crystal to the inversion of the
gravitational ﬁeld. To do so, local structures are identiﬁed and measured both in the
experiments and in a compatible atomistic simulation, and a discrete, coarse-grained
model for the structural dierentiation is provided. We reveal that the local crystallisation mechanism is dominated by quasi-equilibrium processes, consistently with previous work [29, 30]: this result potentially justiﬁes the employment of techniques based
on the usage of modiﬁed diusion equations à la Smoluchowski, such as dynamical
density functional theory or phase ﬁeld models [28, 31, 32].
This article is organised as follows: in section 2 we describe the experimental system
of nearly hard spheres and its numerical model; in section 3 we analyse the time evol
ution of the experimental and simulated system, focussing ﬁrst on the density proﬁles
(section 3.1) on the kinetics of local structure formation (section 3.2) and the description of a coarse-grained model for the kinetic pathways leading to crystallisation or
melting; we conclude in section 4 with a critical assessment of our results.

Crystallisation driven by sedimentation: a particle resolved study

der Waals’ forces lead to the formation of disordered single layers of particles on the
bottom and top surfaces of the capillary [33], limiting the ordering induced by the glass
conﬁnement. It is only after the inversion of the capillary that we collect our observations and perform our analysis of the structural changes that accompany melting and
re-crystallisation, see ﬁgure 1.
2.2. Experimental and simulation details

We employ confocal microscopy to obtain three-dimensional images of cross section 92.16 × 92.16 µm2 = 46.8σ × 46.8σ of N ≈ 8 ⋅ 104 polymethyl methacrylate (PMMA)
particles in a ∆z = 100 µm ≈ 50σ thick glass capillary, where σ is eective diameter of
the particles. We image the entire height of the capillary with a LEICA SP8 confocal
microscope with white light laser, at an excitation wavelength of 552 nm. The dry particles have an estimated diameter of σdry ≈ 1.8 µm and polydipersity ∆ < 5%. When in
suspension with a mixture of cyclohexyl bromide (CHB) and cis-decalin, the eective
diameter shifts to σ = 2a ≈ 2.0 µm, due to electrostatic interactions that locally broaden
and soften the potential (see the pair correlation function in ﬁgure 2), and some swelling in the solvent [3, 34]. The experimental conditions are such that the Péclet number
of the system is
Pe
 =

4π ∆ρga 3
≈ 0.31
3k BT

(1)

and the resulting gravitational length is ξg = a / Pe ≈ 1.60σ. The Brownian time, i.e. the
time needed to diuse of a particle diameter σ is approximately τB = σ 2 /D0 = 2s, where
D0 is the short-time inﬁnite dilution diusion coecient.
As discussed above, due to the residual charges on the particles, a single layer of
particles is absorbed on the A and B edges of the capillary in the z dimension. The
doi:10.1088/1742-5468/2016/08/084004

4

J. Stat. Mech. (2016) 084004

Figure 1. Schematic representation of the experimental protocol and observations.
In (a), the 24 h sedimentation has built a top layer where the crystallites are
formed inside an initially layered liquid, an intermediate crystalline region and a
ﬂuid region. When reversed, (b) the system reorganises, dissolving the crystallites
on the A edge, densifying and building up order through crystallisation close to
the B edge (c).

Crystallisation driven by sedimentation: a particle resolved study

Figure 3. (a) Rendering of the particles pinned on edge A of the capillary by
residual charges. (b) Sketches representing the time evolution of the density
proﬁle φ(z ) of the system: from an initially uniform proﬁle (1), sedimentation
begins inducing densiﬁcation and the formation of a few layers at the edges and
crystallites (schematically represented as hexagons) in the dense region (2); this
grows and forms a large crystal region in the large section of the capillary; when
we invert the gravitational ﬁeld, melting (4) is observed, followed by re-assembly
into a new crystal (5).

arrangement of the pinned particles (immobile during for the whole duration of the
experiment) is disordered, as illustrated in ﬁgure 3(a), and reduces (without suppressing
in our case) the ﬂuid layering at the edges.
The experimental protocol is the following (see ﬁgure 3(b)): a dense suspension of
PMMA particles at packing fraction φ = 0.52(2) is initially dispersed and left to sediment for about 24 h ≈ 43 200τB. Subsequently the system is ﬂipped upside-down and
observed for about 13 h ≈ 23 400τB with confocal microscopy. This technique allows us
to resolve the 3d individual particle coordinates, which are detected and analysed via
a multi-scale particle-tracking algorithm [35].
doi:10.1088/1742-5468/2016/08/084004
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Figure 2. Determination of the particle’s diameter from the decay of the
experimental radial distribution function at φ = 0.52 compared to the corresponding
expression from the Percus–Yevick approximation. A value of σ = 2.0 µm is found.
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2.3. Simulation details

In order to follow the mechanisms that lead to the phase changes during sedimentation,
the experimental coordinates are also used in order to generate Langevin dynamics trajectories. The dynamics is modelled with Langevin dynamics in the over-damped limit
and the interaction potential between particles of mass m is chosen to model nearlyhard spheres with the combination of a hard truncated Morse potential at short radial
distances and a Yukawa tail at larger distances:
β
 u (r ) = βεM [1 + eρ0(1 − r / σ )(eρ0(1 − r / σ ) − 2)] + βεY

(2)

We choose to truncate the Morse interaction where it vanishes (r cut
M = σ) and the Yukawa
=
2
σ
.
Following
[30],
we
adjust
the
parameters
in
equation (2) in order to
part at r cut
Y
well reproduce the experimental radial distribution function of the nearly-hard sphere
system: the inverse temperature β = k BT scales the interaction the Morse and Yukawa
interaction strengths βεM = 1 and εY = 1, the range parameter is ﬁxed to ρ0 = 25 while
the inverse Debye screening length is set to κσ = 30. The resulting interaction potential
combines a very hard component at distances ∼ 1σ and a residual, weak repulsion up
to 2σ, accounting for the imperfect charge balance at the surface of the particles. The
viscous drag coecient in the Langevin dynamics is set to γ = 100 ε Ym /σ .
Sedimentation is reproduced in the numerical simulation through the imposition
of an external body force Fg  =  mg where the value of g accommodates with the exper
imental value of the gravitational length ξg = k BT /mg = 1.60σ. The Boltzmann factor
is here set to unity, the temperature is set by the choices of the interaction strengths
βεM and βε Y, the mass is unitary and this ﬁxes the value of the gravitational ﬁeld g.
Local order information from both the experimental and the simulated trajectories
is obtained with the use of the topological cluster classiﬁcation [36]: particle neighbours
are found through a Voronoi tessellation and local structures are identiﬁed from a list
of 33 local candidate local structures that are energy-minima for simple pair potentials
such as Morse and Lennard-Jones interactions, which are therefore relevant for the
present case.

3. Crystal formation, melting and reorganisation
The three-dimensional information allows us to identify local structures of dierent
symmetries: we mainly focus on structures which comply with crystalline symmetries
(4-folded or cubic symmetries); structures with 5-folded symmetry, incommensurate
with 3d Euclidean space and therefore incapable of forming crystallites; tetrahedrally
ordered structures. The state and the dynamics of the sedimenting and crystallising
ﬂuid can be assessed directly from the density proﬁles of the dierent local structures
along the vertical z direction (see ﬁgures 4 and 5).
From the analysis of the experimental trajectories, we draw the following observations and interpretations: on the edges of the capillary, residual surface charges ﬁx a
single layer of particles in a disordered state. Due to the moderate density mismatch
doi:10.1088/1742-5468/2016/08/084004
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Figure 5. Experimental density and structure concentration proﬁles during
sedimentation. At time t  =  0 the sample is reversed so that the gravitational force
dissolves the crystalline state initially in contact with the z /σ = 0 edge of the
capillary.

between the ﬂuid and the particles ∆ρ ≈ 0.03 g cm−3, a mildly layered, partly crystallised structure is formed during the 24 h of unobserved sedimentation on side A of the
capillary; this region is in contact with a bulk crystal with fewer defects; ﬁnally the
crystalline region decays into an amorphous liquid, with an interface width of about
∼ 5σ; layering of the amorphous ﬂuid is also observed at edge B of the capillary. When
we reverse the sample in the vertical z direction and observe it for 13 h, the gravitational force lowers the density in the originally layered region in the vicinity of the edge
A and in the crystalline region, increasing it in the proximity of edge B. The interface
between the original liquid region and the solid increases in density and displays further
reorganisation, with a decrease of the number of defects; in the vicinity of the edge A,
the remnants of the layered phase disappear and all memory of the (failed) crystalline
order fades too, establishing a new liquid–solid interface of approximately 5σ in width.
The system has therefore reached its new steady state.
3.1. Experimental density proﬁles

From the analysis of the tracked coordinates, we follow the detailed time evolution
of the system. We image the whole z-dimension of the capillary in a sequence of
doi:10.1088/1742-5468/2016/08/084004
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Figure 4. Packing fraction proﬁles from experiments and Langevin dynamics
during the time evolution. Particle-tracked initial coordinates have been given in
input to the simulation.

Crystallisation driven by sedimentation: a particle resolved study

logarithmically spaced scans of 1, 2, 4, 8, 32 min after the reversal of the sample. The
time evolution of the packing-fraction proﬁles is illustrated with dotted lines in ﬁgure 4,
compared to Langevin dynamics simulations initiated form an experimentally tracked
conﬁguration (red lines). During the 13 h observation time, the density proﬁles show an
initial excess at the A edge of the capillary (z  =  0), associated to layering. The analysis
in terms of local structures demonstrates that this is associated to the formation of
crystallites of variable size and shape immersed in a layered liquid. In particular (ﬁgure
5(a)) one observes an excess of ﬁve-folded symmetric structures (a 7-particle structure,
the pentagonal bipyramid) in the vicinity of the A side, indicating frustration between
the crystallites. A large crystal, in the face-centred cubic (fcc) phase, with many grain
boundaries, is present in the middle of the capillary at more moderate densities which
rapidly decay in a layered liquid, rich in small tetrahedral structures (5-particle triangular bipyramids) at the B edge of the capillary (z ∼ 45σ).
The gradual process of sedimentation leads to a reversal of the density imbalance,
with a progressive increase of the packing fraction on the B edge and a reduction on
the A edge, accompanied by the reorganisation of the crystal-liquid interfaces and the
crystal itself. In particular, one observes (ﬁgures 5(b)–(d)) that the concentration of
particles identiﬁed in fcc structures is enhanced in the crystalline region with the depletion of defects mainly represented by ﬁve-fold symmetric and tetrahedral structures
(10-particles defective icosahedra, pentagonal and triangular bipyramids). Inspection
of the 3d-coordinates (ﬁgure 6) shows that sedimentation improves the crystal quality,
removing defects and grain boundaries, and forming a more compact crystal.
The process of melting and re-crystallisation that the system undergoes appears to
improve the overall quality of crystallites throughout the system and also in the vicinity of the capillary edges. We speculate that this may be due to an incomplete decorrelation of the ordered regions during melting, which favours the crystalline arrangement
during re-crystallisation. This limits the imperfections in the vicinity of the edges, as
shown in ﬁgure 5(d).
3.2. Kinetics of the reorganisation

The limited time resolution of the experiments means that we can image the sample at
most every ≈ 30τB and it hinders a thorough analysis of the kinetic pathways leading
doi:10.1088/1742-5468/2016/08/084004
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Figure 6. ((a)–(c)) Experimental coordinates of particles detected in fcc (green) and
hcp (yellow) local structures during sedimentation. Particles in other arrangements
are not plotted.

Crystallisation driven by sedimentation: a particle resolved study

to the melting of the defective crystal and the crystallisation of the liquid region. In
particular we cannot track the individual particles and fully reconstruct their kinetic
pathways. In order to overcome these limitations, a Langevin dynamics simulation
is restarted from the initial coordinates tracked from the experiment, with carefully
chosen parameters matching the sedimentation conditions of the system (as previously
described in section 2). This allows us to follow the trajectory of all the particles during
the sedimentation process, and identify that local structural changes that every region
of the system undergoes. As demonstrated in ﬁgure 4 the numerical simulation closely
reproduces the outcomes of the experiment, following the time evolution of the exper
imental sedimentation proﬁles and attaining a comparable steady state. Furthermore,
ﬁgure 7 demonstrates that the time evolution of the local structure in the experiment is
qualitatively captured by the Langevin dynamics, with better agreement for structures
dierent from the ﬁve-fold symmetric local structures. This suggests that long-range
hydrodynamic interactions, intrinsically present in the experimental system but systematically neglected in the numerical model, may play only a minor role in the reorganisation of the ﬂuid and the crystal, eventually reducing the likelihood of formation
of the most complex 5-fold symmetric structures (i.e. the defective icosahedra). While
at lower densities non-uniform colloidal suspensions have been shown to be characterised by hydrodynamic instabilities [37, 38], in our much denser system the crystal
growth (and melting) appears to be dominated by local, short-range interactions.
3.3. Coarse-grained model

We use the statistics from simulated trajectories in order to identify the structural
mechanisms that lead to the phase changes at the liquid–solid interfaces. To do so, we
employ the structural order parameters provided by the topological cluster classiﬁcation
to build a coarse grained model describing the thermodynamic state of the sedimenting
system, with seven discrete states associated to three main families: the cubic order
(hcp, fcc structures and the octahedra, based on four-membered rings), the ﬁve-fold
doi:10.1088/1742-5468/2016/08/084004
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Figure 7. Time evolution of the structure concentrations averaged through the
sample at every time point: experiment (circles) and simulations (continuous
lines). Qualitative and quantitative agreement is observed; the concentration of
the defective icosahedra shows the biggest quantitative dierences.

Crystallisation driven by sedimentation: a particle resolved study

symmetric structures (pentagonal bipyramid and defective icosahedra) that play a
major role in frustrated hard spheres, small triangular bipyramids (bicapped tetrahedra) or liquid structures smaller than tetrahedra (termed other). This is conceptually
analogous to coarse-grained approaches used to investigate crystallisation for sheared
colloidal suspensions [39], with a ﬁner distinction between the pre-crystalline states.
As suggested by the density proﬁles, tetrahedra and ﬁve-fold symmetric structures
are well represented in the liquid region while the cubic order is characteristic of the
solid region.
In order to build the coarse-grained model for the Langevin dynamics simulations,
we proceed as follows:

• We deﬁne boolean vectors s→i (t ), i ∈ {1, …, 7} for every state i in the discrete space.
Every vector s→i has n components, where n is the number of relevant particles.
• If a particle is simultaneously compatible with two local structures i, j, then we
choose to label it with the larger index between i and j, so that s→i (t ) ⋅ s→j (t ) = 0 at
a given time t for any i ≠ j .
• We then measure, for consecutive timesteps t and t + ∆t where ∆t = 100τB, the
probability of a transition from state i to state j as
p ij (t ) =

s→i (t ) ⋅ s→j (t + ∆t )
s→i (t )2

(3)

• We ﬁnally average in time in order to get the entries of the transition matrix
1
T
 ij =
t max − t min

t max

∑

t = t min

pij (t )

(4)

We then deﬁne two matrices:
• the matrix related to the transient behaviour T noneq, for which t min = 0, t max = t eq
the equilibration time necessary to attain the steady state, and we consider only the
n = n noneq particles that reside in a crystalline phase for less than half of teq. This
selects particles that are changing state, and are at the interface between crystalline and liquid regions.
• the steady-state matrix T ss, for which t min = t eq, tmax corresponds to whole duration of the simulation and n  =  N the total number of particles in the simulation.
This second matrix represents the steady state behaviour of the whole system.
These matrices are represented in ﬁgure 8 as directed graphs where the thickness and
the colour of the lines correspond to the magnitude of the transition probabilities.
The graphs lead to the following observations: in the transient regime (ﬁgure 8(a)),
local structures of less than 5 particles (named ‘others’) mainly transform into triangular
doi:10.1088/1742-5468/2016/08/084004
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• We deﬁne a discrete space of states: triangular bipyramid, pentagonal bipyramd,
octahedron, defective icosahedron, hcp, fcc, or other (undeﬁned structures). Every
state is labelled with an integer i, according to the order of the previous list.

Crystallisation driven by sedimentation: a particle resolved study

Figure 9. Comparison between the steady state concentrations of dierent local
structures according to the the transition matrix T eq, the numerical simulations
and the experimental results.

bipyramids (tetrahedra); such local environment can either take the ﬁve-fold symmetric
route of the pentagonal bipyramids and defective icosahedra (where a feedback mech
anisms makes the bigger 10-particle defective icosahedra mainly decay in the smaller
7-particle pentagonal structure) or the cubic route, through a conversion into octahedra
acting as precursors that ﬁnally form fcc regions. In the steady state matrix computed
for all the particles, ﬁgure 8(b), such a tetrahedral route is conﬁrmed and the overall
structure of the network is only mildly modiﬁed, suggesting that under the moderate
density imbalance, the growth mechanism is a quasi-equilibrium one [29]. We notice
that the role of the hexagonal close packed ordering (hcp) is marginal in both the two
regimes and that it does not appear to represent a main route to the formation of fcc
structures.
Diagonalising the steady state state matrix T ss and identifying the eigenvector
associated to the largest eigenvalue, one obtains estimates for the expected steady
state concentrations for the discrete model represented in the graphs. Notice that this
approach involves a radical reduction of the complexity of the problem, since no spatial
information is encoded in the graph itself: yet, the steady state values correctly reproduce the hierarchy of the ﬁnal concentrations, with maximum dierence of  ∼10% in
doi:10.1088/1742-5468/2016/08/084004
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Figure 8. Directed graphs representing the transition matrices (a) T noneq for the
particles changing local structure during the sedimentation transient and (b)
T ss for the steady state regime. The thickness and the colours of the edges are
proportional to the transition probabilities, as indicated in the legend. The local
structures are represented with dierently coloured particles in order to highlight
the ring structures (triangular, square and pentagonal rings).

Crystallisation driven by sedimentation: a particle resolved study

concentration. The steady-sate probabilities resulting from the experiment, the simulation and the coarse-grained model are illustrated in ﬁgure 9, showing that the biggest
discrepancy occurs in the estimated concentration of the ten-particle defective icosahedron, essentially suppressed in the experiment.

4. Conclusions
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