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8.4  Definite & Indefinite Integrals

There are 2 types of integral 
(i) Indefinite, in which we aren't given the limits of integration, i.e. x=a to x=b, so we just calculate a generic, all purpose solution, and

(ii) Definite, in which we are told a and b and so we can calculate an explicit value for an area.

8.5  Indefinite integrals

If the differential of x3   is   3x2, then



SYMBOL 242 \f "Symbol" 3x2.dx = x3
But 3x2 is also the differential of x3 ‑ 1 and x3 + 8, etc. so that this reversal is not unique ‑ we've 'lost' the constant!  So in general, 3x2 is the differential of (x3 + k) where k is any constant – this is known as the 'constant of integration'.

We write this as:
SYMBOL 242 \f "Symbol" 3x2.dx  =  x3 + k
(Later on, you’ll see that if we’re given more information, we can work out the value for k, but for now, we just leave it as it is).

8.6  Integration 'magic' Formula

Since integration is the reverse of differentiation, for any polynomial y(x) = xn, we can simply reverse the differentiation procedure, so that the integral is given by

SYMBOL 242 \f "Symbol" xn.dx = 

 + k



(except for n = ‑1)

In words:  “Add one to the power, then divide by the new power.  Then add k.”

Examples

1.
SYMBOL 242 \f "Symbol" x2.dx 

=


 + k
2.
SYMBOL 242 \f "Symbol" 20x4.dx
=
4x5 + k
3.
SYMBOL 242 \f "Symbol" 7x.dx
 
=


 + k
4.
SYMBOL 242 \f "Symbol" a.dx

 = 
ax + k
5.
SYMBOL 242 \f "Symbol" abx3.dx
= 
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8.6.1  Variations on Nomenclature
Because constants don’t affect the integration, it is common to bring them in front of the integration sign to make things clearer.

For example:  SYMBOL 242 \f "Symbol" abx3.dx
=
ab SYMBOL 242 \f "Symbol" x3.dx
= 
ab
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or:

SYMBOL 242 \f "Symbol" 5q2.dq
=
5SYMBOL 242 \f "Symbol" q2.dq
=
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Also, the position of the .dx is usually last in the line, but it can, in principle, be anywhere inside the integral.  You may sometimes see the .dx written first (usually in Physics textbooks).
For example:  Area = SYMBOL 242 \f "Symbol" dr (r3 – r5)  
  This is identical to: SYMBOL 242 \f "Symbol" (r3 – r5).dr
8.6.2  Roots follow the same rule

6.
SYMBOL 242 \f "Symbol"

.dx
 =
 SYMBOL 242 \f "Symbol" x½.dx
 = 
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8.6.3  Inverse powers also follow the same rule

7.
SYMBOL 242 \f "Symbol" 

.dx
 = 
SYMBOL 242 \f "Symbol" x‑3.dx
 = 



 = 
‑

 + k
This is true so long as the exponent is not ‑1.  SYMBOL 242 \f "Symbol"

 cannot be calculated using this formula because we get a divide-by-zero error.

8.6.4 Other variables
8.
SYMBOL 242 \f "Symbol" 2m2.dm
 = 


 + k
9.
SYMBOL 242 \f "Symbol" 5
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10.
SYMBOL 242 \f "Symbol" 
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.dSYMBOL 113 \f "Symbol"
 = 
SYMBOL 242 \f "Symbol" SYMBOL 113 \f "Symbol"‑½.dSYMBOL 113 \f "Symbol"
 = 
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8.6.5  Sums of terms

Just as in differentiation, a function can by integrated term-by-term, and we only need one constant of integration.

11.
SYMBOL 242 \f "Symbol" 3x2 + 7x.dx
 = 
SYMBOL 242 \f "Symbol" 3x2 + SYMBOL 242 \f "Symbol" 7x
 = 
x3 + 

 + k
12.
SYMBOL 242 \f "Symbol"

 + 

 + 

 + 4x3.dx

= 

 + x4 +k
8.7  Definite Integrals

We now know how to integrate simple polynomials, but if we want to use this technique to calculate areas, we need to know the limits of integration.  If we specify the limits x = a SYMBOL 174 \f "Symbol" x = b, we call the integral a definite integral.
To solve a definite integral, we first integrate the function as before (i.e. find its indefinite integral), then feed in the 2 values of the limits.  Subtracting one from the other gives the area.

Example
1.
What is the area under the curve y(x) = 2x2 between x=1 and x=3?  (Note: this is the same problem we did graphically earlier).

Area
= 
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we write the limits at the top and bottom of the integration sign

= 


we use square brackets to indicate we've calculated the 




indefinite integral


= (18 + k) ‑ (2/3 + k)
feed in the larger value, then the smaller,






and subtract the two.


= 18 ‑ 2/3
= 171/3 sq. units
(compare the approximate value we got graphically of 17¾).

Note:  the k's cancel.  So when we evaluate a definite integral we can ignore the constant of integration.

2.
What is the area under the curve y(x) = 2x3 ‑ 6x between x = ‑1 and x = 0?

	
A = 
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   = (0 ‑ 0) ‑ (½ ‑ 3)  


   =  2½ sq.units

	




3.
What is the enthalpy of a gas at 20 K given that its heat capacity as a function of temperature is given by C = 2T 2, over the range T = 0 K to 20 K?

You’ll learn in chemistry lectures that the enthalpy of a gas, H, is given by the area under the curve of heat capacity vs temperature.  In most cases, we approximate it by saying that the heat capacity doesn't change much with T, so is in fact a constant.  If we take an average value between 0 and 20 K of 10 K, then C~2×102 = 200 J K-1 mol-1.  In this case the enthalpy is just given by


H = 
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    (with C = constant = 200)
= 
[image: image12.wmf]ò

2

1

d

.

200

T

T

T




    = [200T]

 
    = 200(T2 – T1)
= 200(30 – 0) 

= 6.0 kJ mol-1
However in this question, we are asked for a more accurate answer, and are told C is not constant, it’s a function of T.

So
H = 
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   =  
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=
(16000 / 3) ‑ 0 

= 5.3 kJ mol-1  (compare this with the approximate answer we obtained when we assumed C was constant).
4.
What is the area under the curve y(x) = 

 between x = 1 and x = SYMBOL 165 \f "Symbol"?  
[This may seem odd…how can you calculate an area up to x = infinity?  But if you draw the graph, you’ll see that although x goes to infinity, the curve is getting closer and closer to the y axis and so the area is getting smaller.  So in this case, it is possible to calculate a finite area, even though we are integrating to infinity].
	A = 
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= 2 sq.units.
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8.8  Negative Integrals

Consider the function y(x) = 2x within the limits x = ‑2 to +1.  Let’s calculate the area ‘under’ this curve using the standard procedure:

A = 
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 = (12) ‑ ( ‑22) =    ‑3 sq. units
What does negative area mean?




The area A1 = ½ ( 4 ( 2 is below the x axis and is counted as ‑ve.
The area A2 = ½ ( 1 ( 2 is above the x axis and is counted as +ve.
Therefore it is always a good idea to sketch a curve before you integrate, to see if it goes ‑ve anywhere between the limits.

8.9  Integrals of Common Functions

For any function for which the differential has been established, reversal of the process gives the integral.  Learn these!

8.9.1  Exponential Functions

SYMBOL 242 \f "Symbol" ex.dx 

= 
ex   + k
SYMBOL 242 \f "Symbol" eax.dx 
= 


  + k
Example

1.
What is the area under the curve y(x) = 3e‑5x from x = 1 to x = SYMBOL 165 \f "Symbol" ?


A = 
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   = (0) ‑ ( ‑0.004) 
= 
0.004 sq.units
8.9.2  Logarithmic Functions



.dx 
= 
ln x + k
(this is the one we cannot do using the 'magic formula' and is very important in Physical chemistry).

SYMBOL 242 \f "Symbol" ln x.dx
= 
x.(ln x ‑ 1) + k
Example: (From 2nd year thermodynamics) Calculate the work done when an ideal gas is expanded infinitely slowly from a starting volume V1 to a final volume V2.
The work done is given by the area under the pressure-volume graph, or:


Work = SYMBOL 242 \f "Symbol" ‑p(V).dV

Since we’re told it’s an ideal gas, we can replace p(V) with nRT/V

Work = SYMBOL 242 \f "Symbol" ‑
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.dV,        and since n, R and T are constants, this becomes
Work = ‑nRT ×
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.dV.   Applying the rule, above:

Work = ‑nRT × 
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=  ‑nRT × (ln V2 – ln V1) 

Work = ‑nRT ln (V2 / V1)

8.9.3  Trigonometrical Functions

SYMBOL 242 \f "Symbol" cos x.dx 
= 
sin x + k
SYMBOL 242 \f "Symbol" sin x.dx 
= 
‑ cos x + k
SYMBOL 242 \f "Symbol" tan x.dx
 = 
‑ ln (cos x) + k
Example:  What is the area under the curve y(SYMBOL 113 \f "Symbol") = 3sin SYMBOL 113 \f "Symbol" between SYMBOL 113 \f "Symbol" = 0 and 
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	A  = 
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   = [ ‑3 cos SYMBOL 113 \f "Symbol"]
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