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Abstract

For four rearrangement reactions, we evaluate (i) values of the moments of momentum hpnið�26 n6 þ 1Þ for

reactants, products and transition states (ii) position–space similarity indices between reactants, products and transition

states using wavefunctions generated from both Hartree–Fock and density-functional theory (B3LYP). Both the

momentum–space expectation values and the similarity measures can be used to distinguish Hammond and anti-

Hammond behaviour. In position–space, two new parameters, d and /, are introduced to quantify the position and

character of the transition state relative to the reactants and products.

� 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

There is a still a need for interpretative tools to

analyse, to compare and to obtain chemical insight

from the molecular wavefunctions and densities

calculated by increasingly accurate techniques.
Position, r-space electron density plots, for exam-

ple, have been used for many years to visualize

electronic structure. Although much less attention

has been paid to the momentum, p-space repre-

sentation, the chemically interesting information

available in momentum–space density plots of

small molecules (at equilibrium geometry [1–3] and

over a wide range of nuclear separation [4]) and of

large molecules such as polyenes [5] have been

discussed previously. In addition, quantum simi-

larity techniques in which r- or p-space electron

densities are compared quantitatively via a variety

of similarity and dissimilarity indices have been
useful in applications [6–12], mostly, but not ex-

clusively, in the rationalization and prediction of

drug activity.

In this Letter, we extend these studies to reac-

tivity and consider changes of momentum–space

quantities and similarity indices along reaction

pathways. The variation of both p-space expecta-

tion values and of ab initio r-space quantum mo-
lecular similarity measures are examined along the

reaction pathway of four simple gas-phase intra-

molecular rearrangement reactions, F2S2=FSSF,
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HNC/HCN, H2SO=HSOH and H2SCH2=HSCH3,
which we label reactions (A)–(D) as shown in Fig. 1.

Particular attention is paid to the nature of the

transition state of these exothermic reactions. The

Hammond postulate [13], widely used in organic

chemistry, essentially states that if the transition

state (TS) is near in energy to an adjacent stable

complex, then it is also similar in structure to that

complex. An exothermic reaction would therefore
be expected to possess a reactant-like TS while

endothermic processes should be characterized by

a product-like TS. Rearrangement reactions, nor-

mally involving limited nuclear motions, are gen-

erally expected to follow the Hammond postulate.

Of the four reactions discussed in this Letter, the

F2S2=FSSF and the HNC/HCN reactions have

early transition states and show Hammond-like

behaviour. In contrast the H2SO=HSOH reaction

has a late transition state and demonstrates anti-

Hammond characteristics [14]. The transition state

is structurally more similar to HSOH than to
H2SO, although in energy it is closer to H2SO. The

H2SCH2=HSCH3 transition state shows charac-

teristics intermediate between these two types of

behaviour. In this Letter, we show how p-space

quantities and r-space similarities can be used to

distinguish Hammond and anti-Hammond tran-

sition states. In addition, two new parameters, d
and /, readily determined from the quantum mo-
lecular similarities, are introduced to quantify the

degree of similarity of the transition state both to

reactants and to products.

2. Methods

Wavefunctions were generated for the reac-
tants, products and transition states of all the

reactions shown in Fig. 1 using self-consistent

Hartree–Fock (HF) theory and also density

functional theory (DFT) with the B3LYP ex-

change-correlation functional as implemented in

GAUSSIANAUSSIAN 98 [15]. The 6-31G** basis set was

used for all atoms.

Relative energies of HF and DFT transition
states (TS) and products (P) relative to reactants

(R) are collected together in Table 1. In addition

the values of the exothermicity factor, c, defined by

Cioslowki [16] as

c ¼ ðEP � ERÞ=ð2ETS � ER � EPÞ ð1Þ

Fig. 1. The four rearrangement reactions.

Table 1

Calculated relative energies (kcal/mol) and values of c ð¼ ðEP � ERÞ=ð2ETS � ER � EPÞÞ for the four rearrangement reactions studied

F2S2=FSSF HNC/HCN H2SO=HSOH H2SCH2=HSCH3

(a) HF

ETS � ER 64.5 40.0 50.3 17.9

EP � ER )9.6 )9.5 )32.9 )80.2

c )0.069 )0.106 )0.246 )0.691

(b) DFT

ETS � ER 42.8 33.9 38.2 25.9

EP � ER )3.6 )13.4 )26.2 )70.0

c )0.04 )0.165 )0.255 )0.575
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are also listed. This factor, which takes values

between +1 and )1, is the ratio of the difference

and the sum of the activation energies for the

forward and reverse reactions. The H2SCH2=
HSCH3 rearrangement is both the most exother-
mic of the four and possesses the most negative c
at both the HF and DFT levels. c increases in

magnitude along the series of reactions (A)–(D)

(Fig. 1) and, as might be expected, it does not give

any indication of Hammond or anti-Hammond

behaviour.

2.1. Momentum space

For molecular systems the most straightforward

route to momentum–space quantities is to obtain

first the position–space wavefunction WðrÞ and

then to transform it analytically to momentum

space as described, for example, in [17]. The

Fourier transform that relates WðrÞ to WðpÞ,

WðpÞ ¼ 1

ð2pÞ3=2

Z
WðrÞ expð�ip � rÞ dr; ð2Þ

preserves the form of the wavefunction so that the

electron density, individual orbitals, basis func-

tions and the total wavefunction are related to

each other in p-space exactly as they are in r-space.

In momentum space all explicit information con-

cerning the coordinates of nucleus a is contained in

�phase factor� terms of the form expð�ip � RaÞ.
The total molecular electron density qðpÞ de-

creases rapidly with increasing p, falling off ac-

cording to a high power of p and so it is dominated

by low values of p. This low-p region corresponds

in position space to the long-range slowly varying

valence electron density. In this Letter, we con-

centrate on the momentum–space expectation

values, the moments of momentum,

hpni ¼
Z

pnqðpÞ dp; ð3Þ

which may be evaluated by direct numerical inte-

gration. hp0i ðn ¼ 0Þ is simply the number of

electrons. hp2iðn ¼ 2Þ is twice the kinetic energy

and so, by the virial theorem, in any exothermic

reaction hp2i increases from reactants to products

by an amount equal to twice the decrease in the

total energy. Decreasing values of n place in-

creasing emphasis on the slower moving valence

electrons, and so in this Letter we have chosen to

consider moments with n < 2.

Our construction of qðpÞ via the Fourier

transform of Kohn–Sham orbitals from B3LYP
calculations requires a comment. Formally,

Kohn–Sham orbitals relate to a �model� non-

interacting system, constrained by a potential that

is dependent on the choice of exchange-correlation

function. Thus, strictly, in our DFT calculations

we examine the electron density of the model sys-

tem. Even if the model possessed the exact qðrÞ,
Fourier transformation of the Kohn–Sham orbi-
tals would not lead to the exact qðpÞ [18]. Never-

theless, the �model system� momentum–space

electron densities constructed from the trans-

formed Kohn–Sham orbitals do not differ greatly

from the Hartree–Fock qðpÞ, and so we have

chosen to use these. Furthermore, spherically av-

eraged p-space Kohn–Sham orbitals often give

better agreement with ðe; 2eÞ experiments than do
their Hartree–Fock counterparts [19].

2.2. Ab initio position–space molecular similarity

We use here the widely used quantum molecular

similarity measures (QMSM) between molecules A

and B introduced by Carb�oo and co-workers

[20,21], based on integrals of the form

ZA;BðHÞ ¼
Z Z

qAðr1ÞHðr1; r2ÞqBðr2Þ dr1 dr2; ð4Þ

in which Hðr1; r2Þ is a positive definite operator, set

equal here to 1=r12, i.e., a �Coulomb-like� QMSM is

evaluated. Since the value of ZA;B given by Eq. (4)

depends on the relative spatial orientation of

molecules A and B, their mutual orientation must

be optimized [22] in order to maximize their
QMSM.

3. Results

3.1. Momentum space

We consider first the momentum–space quan-
tities for each reaction. A range of HF and DFT

moments of momentum hpni from n ¼ �2 to +1
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inclusive were evaluated. Table 2 lists key results
for changes in p-space expectation values, Dhpni,
which are defined relative to the reactants, for

n ¼ �2, )1, 3/4 and 1.

All four reactions are exothermic and so the

transition state is closer in energy to the reactants

than to the products in each case. For HF and

DFT densities, the moments of momentum listed

in Table 2 and, in particular, the variation of hpni
along the reaction coordinate demonstrate clearly

the nature of the transition states and their prox-

imity to reactants or products. Consider, for ex-

ample, Dhp�1i. For the HNC/HCN and

F2S2=FSSF rearrangements, the value of hp�1i for

the transition state is closer to the reactants than to

the products, both for the HF and DFT descrip-

tions. For the overall reaction, Dhp�1i is negative.
On the other hand, for the anti-Hammond

H2SO=HSOH reaction, hp�1i for the transition

state is closer to products than to reactants. The

H2SCH2=HSCH3 case is intermediate. We note

that Dhp�1i for the overall reaction is positive in

these last two examples.

The behaviour of Dhp�2i is similar, with transi-

tion states closer to the reactants for F2S2=FSSF
and HNC/HCN, but the reverse for the remaining

two reactions. Over the anti-Hammond pathway

(H2SO=HSOH) hp�2i even increases further from

the transition state to the products at both the HF

and the DFT levels. Thus for the two reactions with

early transition states, the values of hpniðn ¼
�1;�2Þ, which especially emphasize the valence

Table 2

Calculated changes in momentum expectation value Dhpni for the transition states (TS) and products (P) of the four rearrangement

reactions, relative to the reactants

Dhp�2i Dhp�1i Dhp3=4i Dhpi

(a) HF

F2S2=FSSF

TS 0.0574 0.0318 )0.0502 )0.0648

P )0.0981 )0.0169 0.0004 0.0066

HNC/HCN

TS 0.3810 0.0873 )0.0474 )0.0675

P )0.6687 )0.0818 0.0067 0.0062

H2SO=HSOH

TS 0.2456 0.0913 )0.0698 )0.0914

P 0.2613 0.0655 )0.0163 )0.0201

H2SCH2=HSCH3

TS 0.9768 0.2859 )0.1422 )0.1759

P 0.2137 0.0387 )0.0096 )0.0056

(b) DFT

F2S2=FSSF

TS 0.1546 0.0694 )0.0524 )0.0647

P )0.0746 )0.0314 0.003 0.0047

HNC/HCN

TS 0.3758 0.0789 )0.0442 )0.0598

P )0.8270 )0.1002 0.0107 0.0095

H2SO=HSOH

TS 0.1152 0.0583 )0.0443 )0.0497

P 0.1854 0.0540 )0.0118 )0.0049

H2SCH2=HSCH3

TS 0.7419 0.2191 )0.1026 )0.1324

P 0.0471 0.0174 0.0025 0.0046
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electron density, increase from reactants to transi-

tion state, although the overall change in these

quantities from reactants to products is negative.

For positive n, only the H2SO=HSOH reaction

shows a decrease in hp3=4i and < p > from reac-

tants to products, and the transition state expec-
tation values are closer to those for the products

than to those for the reactants. Again, the

H2SCH2=HSCH3 case is intermediate between this

and the Hammond rearrangements. Fig. 2 shows

schematically the observed variations in hpni with

n and the degree of Hammond-like behaviour in

the transition state.

The trends in all of the moments of momentum
listed in Table 2 demonstrate clearly whether the

transition state is closer to the reactants or prod-

ucts, which is not apparent from the total energies

listed in Table 1. From each column of values, the

position of the transition states is predicted to

follow the relative order

HNC=HCN
Early TS

	 F2S2=FSSF < H2SCH2=HSCH3

< H2SO=HSOH
Late TS

3.2. Position space

How do r-space similarity indices reflect these

trends? Once ZA;B (Eq. (4)) has been evaluated
there are a number of possible ways of proceeding.

The first is the calculation of the Carb�oo similarity

index [20], IA;B, according to

IA;B ¼ ZA;B=ðZA;AZB;BÞ1=2
: ð5Þ

In examples such as those considered here, A and

B may be reactant and product, reactant and

transition state, or product and transition state,

respectively, and the values of IA;B for each reac-

tion are all close to unity, as shown in the first
three columns of Table 3. It is helpful instead to

introduce a �distance�-like measure of the difference

between the electron densities of A and B

dA;B ¼ ðZA;A þ ZB;B � 2ZA;BÞ1=2
: ð6Þ

We also examine the variation of two further pa-

rameters, a and b, also defined first by Cioslowki

[16]. The isosynchronicity parameter, a, is given by

a ¼ ðdR;TS þ dP;TSÞ=dR;P; ð7Þ
and is never smaller than 1. It takes a value close

to one when the distance from either R or P to the

TS is small or when the transition state loses

similarity to the reactants in the same way as it

gains similarity to the products. The structural

proximity of the transition state to the reactants is

given by b, defined by

b ¼ ðdR;TS � dP;TSÞ=dR;P; ð8Þ
and which takes values between )1 and 1. If re-

actants and transition state are closer than the

products to the TS, then the TS is early and b < 0.

Positive values of b correspond to a late TS.
We have found it useful to define two new pa-

rameters, d and /, calculated from dR;TS, dP;TS and

dR;P. As shown in Fig. 3, we can depict any reac-

tion by a triangle with vertices representing reac-

tant, product and the transition state and sides

equal in length to the values of d. Triangles skewed

to the right or left indicate late or early transition

states, respectively. A relatively long base suggests

Fig. 2. Schematic variation of hpni along the reaction coordi-

nate for Hammond and anti-Hammond reactions. R, TS and P

denote reactants, transition state and products, respectively.

L. Amat et al. / Chemical Physics Letters 367 (2003) 207–213 211



large changes in structure accompanying the re-
action, and a tall triangle suggests significant

structural differences between the transition state

and the reactants and products. We define d and /
in terms of the angles (in radians) subtended at the

reactants, products and transition state, as shown

in Fig. 3. The parameter d, which takes values

between )1 and 1, is a measure of whether the

transition state is early or late. A reaction with an
early transition state will have a negative value of

d. For given d, the value of / (06/6 1) indicates

how far the transition state lies from reactants/

products.

Table 3 collects together a, b, d and / for the

four reactions. The d parameters follow the order:

HNC=HCN
Early TS

	 F2S2=FSSF < H2SCH2=HSCH3

< H2SO=HSOH
Late TS

This is the same trend as obtained with the mo-

mentum–space expectation values. The values of /
for the isoelectronic H2SCH2=HSCH3 and H2SO=
HSOH reactions reflect the very different struc-

tures of the transition states [14], and the relative

distance of the transition state from reactants and

products. In the H2SCH2=HSCH3 rearrangement,

the S–C bond length increases considerably (>0.5
�AA at both HF and DFT levels) from the reactant

to the transition state before contracting markedly

to a final value much closer to the original.

H2SCH2=HSCH3 is the only one of the four re-

actions in which the similarity of reactant and

product is larger than either the similarity between

reactant and TS or product and TS, and this is

ultimately the origin of the small value of /. This is
reflected also in the large values of Dhp�1i involv-

ing this transition state (see Table 2). An analo-

gous variation in the length of the stiffer S–O bond

is not observed in the H2SO=HSOH reaction.

Unlike in the series of proton transfer reactions

studied by Cioslowki [16], we find here no corre-

lation between b and c, which decreases from re-

action (A) to reaction (D) (Table 1). In addition
there is no correlation between c and any of a, b or

/. The reactions we have studied are, overall, too

dissimilar.

4. Conclusions

The changes in moments of momentum and in
r-space similarity indices between reactant, prod-

uct and transition state can be used to distinguish

Table 3

r-Space Coulomb similarity indices and distances, and values of the parameters a, b, d and /, as defined in the text

Reaction IR;P IR;TS IP;TS dR;P dR;TS dP;TS a b d /

(a) HF

F2S2=FSSF 0.925 0.939 0.916 14.36 12.94 15.17 1.96 )0.155 )0.086 0.338

HNC/HCN 0.997 0.998 0.997 0.849 0.815 0.894 2.01 )0.092 )0.051 0.330

H2SO=HSOH 0.982 0.980 0.999 4.40 4.71 1.05 1.31 0.832 0.490 0.370

H2SCH2=HSCH3 0.990 0.962 0.967 3.17 6.21 5.74 3.78 0.146 0.091 0.169

(b) DFT

F2S2=FSSF 0.932 0.944 0.933 13.61 12.31 13.45 1.89 )0.084 )0.046 0.353

HNC/HCN 0.998 0.998 0.997 0.844 0.784 0.876 1.97 )0.109 )0.060 0.338

H2SO=HSOH 0.980 0.982 0.999 4.65 4.46 0.72 1.11 0.804 0.343 0.560

H2SCH2=HSCH3 0.991 0.972 0.979 3.05 5.29 4.56 3.24 0.239 0.146 0.195

Fig. 3. Definition of the parameters d and /.
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between Hammond and anti-Hammond behav-

iour. Two new parameters, d and /, have also been

introduced to quantify the position and character

of the transition state relative to the reactants and

products. Together, these quantities provide a

concise quantitative description of transition states
and a convenient means for examining the rela-

tionships between reactants, products and transi-

tion state. We now aim to use similar ideas to

examine transition states in more complex systems

involving enzymes.
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