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Abstract. We describe three sets of experiments on suspensions of ’hard-sphere’ colloids. 
Suspensions of equal-sized pardcles exhibit the hardsphere freezing and glass m i t i o m .  
Mixtures of spheres of two different sires can form the ordered bw crystals AB2 and 
AB13. The addition of non-adsorbing polymer to a one-component suspension leads. thmugh 
the depletion mechanism, to a range of phase behaviour, which includes colloidal gas, liquid, 
crystal and gel. 

1. Introduction 

Colloidal suspensions consist of particles, of size typically less than 1 j” suspended in 
a liquid [l]. In the theoretical description of the phase behaviour and shucture of such 
suspensions it is usually adequate to regard the liquid as an inert thermal bath. Standard 
methods of thermodynamics and statistical mechanics can then be applied to the assembly of 
particles, which can reach thermal equilibrium through Brownian motion. At relatively low 
concentrations the particles form fluid-like states, showing significant short-ranged order, but 
in which the particles can in time diffuse throughout the sample. At higher concentrations 
the particles can become localized in either ordered equilibrium crystalline states or long- 
lived metastable ‘glassy’ states. 

Compared to atomic or molecular matter, colloidal systems exhibit several special 
properties, which result mainly from the large size of the particles: typically colloids are 
some 1000 times larger than atoms. Colloidal solids are weak mechanically; structural 
relaxation times of colloidal systems are large, of order seconds. ‘Ihus a sample, initially 
crystalline, can be ‘shear-melted‘ to a metastable fluid simply by shaking. Recrystallization 
can take minutes, hours or days, giving time for studies of both the crystallization process 
and the properties of the metastable states themselves. The spatial scales of colloidal 
systems are comparable to the wavelength of light. Light-scattering techniques are therefore 
powerful in studies of both structure and dynamics; for example, colloidal crystals Bragg 
reflect visible light. The interaction between colloidal particles can frequently be adjusted, 
or ‘tailored‘, by various means such as the addition of electrolyte or free polymer to the 
suspension or modification of the surface coatings of the particles. 

Over the last few years it bas been appreciated that these special properties allow one 
to perform experiments with colloidal systems which, though desirable, are not possible 
with atomic systems. Our main motivation for colloid research might therefore be called 
‘colloids as atoms’ [l]. A second motivation is, of course, the importance of colloidal 
systems in industrial products; paints, foods, pharmaceuticals etc. 
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The particles used in the experiments described here consist of spherical ‘cores’ of 
amorphous polymethylmethacrylate (PMMA), stabilized sterically by thin chemically grafted 
layers of another flexible polymer, poly-12-bydroxystearic acid [2]. Particle radii ranged 
from 0.2 to 0.5 fim; the relative standard deviation of the size distribution of any single 
preparation of particles was typically less than 0.05. For most of the studies the particles 
were suspended in mixtures of two liquids, decahydronaphthalene (decalin) and either 
tetrahydronaphthalene (tetralin) or carbon disulphide, in proportions chosen to nearly match 
the refractive index, - 1.50. of the particles, providing transparent samples suitable for 
both direct observation and light scattering. A body of circumstantial evidence suggests that 
there is essentially no interaction between a pair of suspended PMMA particles until, on close 
approach, their polymer coatings overlap; a strong repulsion resulting from compression of 
the coatings then comes in over a small reduction of the centre-to-centre separation. To a 
good approximation, then, these particles interact like hard spheres. 

Assemblies of hard spheres have played an important role as simple theoretical models 
for the states of matter, but, because hard-sphere atoms do not exist, hard-sphere systems 
have been until recently inaccessible to experiment In this paper, under three headings, we 
describe experimental studies of suspensions of hard-sphere PMMA colloids. Suspensions 
of equal-sized PMMA colloids show the hard-sphere freezing transition and, at higher 
concentrations, glass formation. Binary mixtures of PMMA colloids of different sizes can 
form the ordered binary crystals, or superlattice structures, A B 2  and AB13. Mixtures of 
colloids and free polymer exhibit a range of interesting phenomena resulting from the so- 
called depletion attraction. h particular the effect on the phase behaviour of an assembly 
of particles caused by varying the range of the attraction between them can be studied. The 
older work under the first two headings will be described only briefly, with reference to the 
literature. The recent studies of colloid-polymer mixtures will be treated in more detail. 

2. Suspensions of equal-sized hard-sphere coUoids 

The phase behaviour of an assembly of hard spheres of radius R is determined by a single 
variable, the volume or packing fraction @ = p$nR3,  where p is the number density. The 
freezing transition of hard spheres was first observed in the early computer simulations of 
Alder and Wainwright [3]. Subsequent more detailed simulations by Hoover and Ree [4] 
established the freezing and melting concentrations to be q5p = 0.494 and &, = 0.545. 
For q5 6 q5p the state of the system is fluid. For @p < @ < & the equilibrium state is a 
coexistence of fluid and crystal, whereas for & < @ < @cp the state is fully crystalline; 
here @CP = 0.74 is the volume fraction of a fully-compressed close-packed crystal. Later 
Woodcock [SI showed, again by simulation, that, on compressing hard spheres rapidly 
enough to bypass crystallization, a long-lived metastable glassy state was formed at a glass 
transition concentration @c - 0.58 and persisted up to random close packing at &p - 0.64. 

In 1986 experimental studies of PMMA suspensions confirmed this predicted phase 
behaviour, clearly identifying both the freezing and glass transitions 161. Later experiments 
by ‘light powder crystallography’ [7] showed that the structure of the crystals was neither 
of the common close packings, face-centred cubic or hexagonal close-packed, but ‘random- 
stacked close-packed’; thus an . . . AB stacking of hexagonally arranged layers could be 
followed, with almost equal probability, by a layer in either the A or C position. Studies by 
dynamic light scattering [SI of the diffusive motions of the particles in both metastable fluid 
and glassy states have provided significant confirmation of the predictions of mode-coupling 
theories of the glass transition in simple systems. 
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In the early days of liquid-state research the very existence of the freezing transition 
of hard spheres was the subject of vigorous debate [9], since it contradicts the intuition 
that crystals are held together by attractive forces. It seems to be accepted now that the 
transition is driven entropically [IO]: crystallization occurs at a concentration at which the 
configurational entropy lost when a metastable fluid becomes ordered is offset by the 'free- 
volume' entropy gained by the particles from the greater freedom that they have for local 
motions in an ordered structure. 

3. Binary mixtures of hard-sphere colloids 

Mixtures of large spheres A and small spheres B offer a large parameter space. In principle 
any size ratio RBIRA can be chosen; then both the ratio pB/pA of number densities and 
total volume fraction +A + h can be varied. Here we limit the discussion to experiments 
performed at size ratio RBIRA - 0.58, which were motivated by the following. 

Remarkably the first examples of colloidal superlattices (AB1 and AB13) were found at 
size ratio RBIRA - 0.58 by Sanders [I I] in naturally occurring gem opals, solidified mays 
of colloidal silica spheres. To explain these observations Murray and Sanders [I21 argued 
that superlattices whose total concentration when fully compressed is greater than that of a 
fully compressed one-component crystal, i.e. +& > 0.74, should be stable compared to 
phase-separated crystals of pure A and pure B. By analogy with the freezing of equal-sized 
spheres, such structures should have large free-volume contributions to their entropy at the 
lower concentrations @A + h - 0.55, at which crystals are first formed. Based on this 
criterion Murray and Sanders identified the observed structures, A B 2  and ABls, as the only 
stable superlattices expected at RB/RA - 0.58. 

In experiments [I31 PMMA particles of sizes Rg = 0.186 pm and RA = 0.321 p,m 
(RBI& - 0.58) were used. Samples were prepared at various number ratios at total 
concentrations in the range 0.50 4 4~ + 4~ 4 0.55. Both the superlattices, ABz and 
AB13, were indeed observed. The structures (figure 1) were identified both by light powder 
crystallography performed on the suspensions and by scanning elect" microscopy of 
particle compacts dried by slow evaporation of the liquid. Details are given in the caption 
to figure 1. Crystallization of both superlattices was much slower than that of the one- 
component suspensions, taking weeks or months rather than hours. Surprisingly the more 
complex AB,, structure crystallized significantly faster than ABz. Indeed the latter did not 
crystallize at all at the stoichmetric number ratio pB/pA 2, but only from metastable fluid 
mixtures with p~ f p A  - 4 and 6. 

Largely confirming the simple ideas of Murray and Sanders, subsequent calculations, 
based on computer simulation [14] and density-functional theory [15], have established that 
the AB1 and AB13 structures of hard spheres are thermodynamically stable over a range of 
size ratios encompassing RBIRA = 0.58. Eldridge ef al [ 161 have compared their theoretical 
phase diagram for hard-sphere mixtures at RBIRA = 0.58 with that found experimentally 
[13]. While overall agreement between experiment and theory is reasonable, there are 
significant differences of detail. Aside from experimental and computational uncertainties, 
factors contributing to these differences probably include glass formation, preventing the 
attainment of equilibrium, and the possibility that metastable crystalline states. rather than 
the equilibrium states, occur for kinetic reasons. 

It is clear that systems as simple as a mixture of hard spheres can self-assemble into 
quite complex structures, driven purely by entropic contributions to their free energies. 
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Figure 1. ( a )  Scanning electron micrograph of the 01 1 plane of AB2 colloidal crystals; (b) 
the AB2 structure. consisting of a simple hexagonal anangement of large particles interleaved 
by layers of the smaller particles; (c) light pawder diffraction pattem of AB%. consistent with 
the structure shown in (b); ( d )  electron micrograph of ABI); the grid marks large spheres from 
the 01 I face; below the arrows, pentagons of small spheres. resulting from cleavage of the 
icosahedra can be seen; (e) the unit cell of AB13 (right). composed of a simple cubic lanice 
of large particles; each cubic subcell contains 13 small particles. the outer 12 arranged on the 
venices of an icosahedron; the icosahedra are rotated by 90’ between adjacent cubic subcells: 
(f) diffraction panem of ABn;  the refleetions marked with odd indices are superlattice lines, 
which confirm the existence ofthe large unit cell. (Taken from [13l.) 

4. Mixtures of colloids and free polymer 

Flexible non-adsorbing polymer molecules in a suspension of solid particles cannot penetrate 
the surfaces of the particles. Their centres are thus excluded from ‘depletion zones’, centred 
on the particles, of radius R + 6, where 6 is a measure of the polymer’s radius. In a dilute 
system this ‘depletion mechanism’ has little effect. However, at higher total concentrations 
of colloid and polymer, it can induce a separation of the suspension into colloid-rich and 
colloid-poor phases. Two views can be taken of this process. Overlap of the depletion zones 
of different particles, particularly in the colloid-rich phases, provides more accessible, or 
free, volume for the polymer molecules in the sample as a whole. Thus phase separation 
can maximize entropy. Alternatively (but equivalently), polymer molecules are excluded 
from the overlapping depletion zones of two closely-spaced particles but can approach the 
remainder of the surfaces of the particles [17,18]. This results in a net osmotic force, which 
pushes the particles together and which, if strong enough, can induce phase separation. A 
useful feature of the ‘depletion potential’ [17,18], the effective pair potential giving rise 
to this attraction, is that its depth is determined by the concentration of polymer and its 
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range by the size of the polymer. Thus, by varying the polymer concentration and the 
ratio of polymer to particle sizes, it is possible to investigate experimentally how the phase 
behaviour of an assembly of particles depends upon the nature of their interaction. 

The expected phase behaviour of a colloid-polymer mixture can be calculated by 
adopting either of the pictures mentioned above. In 1983 Gast et al [I91 calculated 
free energies by regarding the depletion potential as a perturbation to the bare colloid- 
colloid potential. Recently Lekkerkerker et al [ZO] applied an approximate statistical 
mechanical approach, modelling the system as a mixture with non-additive interactions. 
Thus the particles interact like hard spheres with interaction diameter ZR, the colloid- 
polymer interaction is assumed to be of hard-sphere type with interaction diameter R + 6, 
but the polymer molecules themselves are taken to be totally interpenetrable so that their self 
interaction has diameter zero. For the case of hard-sphere colloids and ideal polymers, both 
approaches give similar predictions: the results of figure ~ ( Q H c )  are from Lekkerkerker’s 
approach. 

Concerning the polymer concentration, it turns out that the natural variable of the theory 
[20] is cpr. (the mass of polymer)/(thefree volume available to the polymer), the latter being 
that part of the suspension’s volume not occupied by the particles and their associated 
depletion zones; cPr is related to the chemical potential of the polymer, which must be the 
same in coexisting phases. On the other hand the natural variable of experiment is simply cp. 
(the mass of polymer)/(the total volume of the sample). Thexfore we show phase diagrams 
in both the @-cV representation, for discussion, and the &cp form, for comparison with 
experiment (as before, @ is the colloid volume fraction). 

Figure 2(a)-(c) shows predicted phase diagrams in the +cPr plane for three values, 
0.08, 0.33 and 0.57, of the ratio 6 / R  of polymer to particle radii, corresponding to effective 
attractions of different ranges. In all cases, with no added polymer (cpr = 0) one sees 
the fluid-solid freezing transition, discussed in section 2, of a one-component hard-sphere 
assembly. Even at low colloid concentration the addition of enough polymer leads to phase 
separation, the nature of which depends on 8 / R .  For 6 / R  < 0.33, the addition of polymer 
leads simply to a strong broadening of the fluid-crystal coexistence region. However, for 
S I R  > 0.33 the phase diagram takes on a different form, showing the analogues of both a 
gas-liquid critical point and a triple line of gas-liquid-crystal coexistence. When making a 
comparison between colloidal and atomic systems, cp, can be regarded as playing the r6le 
of the inverse of temperature: thus inverting figure 2(c) reveals the familiar temperature- 
density projection of the phase diagram of an atomic material. It is found that the critical 
point and the triple line approach each other as S/R is decreased, resulting in a decreasing 
region of stable liquid, until at SIR c 0.33 the phase diagram crosses over to the simpler 
form of figure Z(a), which shows no stable liquid. 

Figure Z(d)+) shows the results of translating the theoretical +cP, phase diagrams of 
figures 2(at(c) into the experimentally accessible @-cp representation. For 6 / R  = 0.08 
the main difference is that the tie lines become oblique, representing the partitioning of the 
polymer between the phases. In a phase with high colloid concentration, only a small free 
volume is available to the polymer, so a small value of cp corresponds to a large value of 
cp,. For SIR > 0.33. a new feature emerges: the triple line of the @-cpr representation 
becomes a triangular region of three-phase coexistence in the @-cp plane. At 6 / R  - 0.33 
the region of gas-liquid coexistence is infinitesimally small. 

The samples used in our experiments comprised PMMA colloids of radius R = 0.23 pm 
suspended in cis-decalin and polystyrene polymer of three different molecular weights, 
3.9 x lo’, 2.85 x lo6 and 1.44 x 10’. The polystyrenefcis-decalin system has been 
characterized thoroughly [ZI]: if the interaction radius 6 of the polymer is identified with 
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Figure 2. (a)-@) Predicted phase diagnms in the +ep, representation for polymerfpanicle 
size ratios (5 = 6 / R )  of 0.08, 0.33 and 0.57 (4 is the colloid volume fraction and e, the 
concentmion of polymer in the free volume available to it). In (a) only fluid, fluid + cryslal 
and crystal are predicted. In (c) a region of gas-liquid coexistence is also predicted, the critioal 
point and triple line indicated. In (b) the critical poinl and triple line almost coincide. 
( d t ( f )  Theoretical phase diagrams of (a)-(=) translated into the experimenlally accessible +cp 
representation, where cp is the polymer concentration in the sample. Note tha~ the triple lines 
of (b) and (c)  have become triangular triple regions of three-phase Mexistence in (c) and (f). F 
denotes fluid, C. crystal, C. gas and L., liquid. The cumpositions of the phases in the hiangular 
regions a e  given by the vertices of the uiangle: left-hand veMh gar; right-hand vectex, crystal, 
middle vertex, liquid. @Hi) Experimental muIIs for comparison with ( d W ) :  circles. one- 
phase fluid; squares, fluid (or gas) t crystat crosses, gas t liquid + crystal; diamonds. gas + 
liquid; triangles, gel. Estimated phase boundaries are drawn to guide the eye; the upper line in 
(s) represents the gel boundary, 

its radius of gyration, the size ratios of our samples correspond to S I R  = 0.08,0.24 and 
0.57. 

The results of visual observation of a large number of samples, after preparation and 
thorough mixing, are shown in figure &?Hi). At 6 / R  = 0.08 and 4 < 0.49, the 
addition of a relatively small amount of polymer provided samples that remained in a 
single phase for some days. Addition of more polymer led to phase separation within 
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hours. Small crystallites, identified by visible Bragg reflections, appeared throughout the 
samples and settled under gravity to form well defined polycrystalline layers (221. At 
6 / R  = 0.57, samples in the gas-liquid coexistence regions developed slightly diffuse 
boundaries, appearing near the top and subsequently moving down, which separated two 
amorphous phases, a quite opaque lower phase and a less cloudy upper phase. In the 
three-phase region, crystallites formed throughout the samples within a few hours and, at 
about the same time, the gas-liquid boundary appeared. After a day or two, three-phase 
coexistence was clearly evident the middle liquid phase being separated from the polycrystal 
at the bottom by a sharp interface and from the upper gas by a more diffuse interface. At 
SIR = 0.24, while a significant area of three-phase coexistence was observed, the two- 
phase gas-liquid region was very narrow. Thus, experimentally, the size ratio at crossover 
between the two generic types of phase behaviour seems to be around 6 / R  = 0.24. Finally, 
we mention that the addition of polymer in significant excess of that required to provide 
phase separation led in all cases to the formation of apparently metastable ‘colloidal gels’, 
discussed elsewhere [23]. 

Regarding the topology of the diagrams there is reasonable agreement between 
experiment and theory, although the observed value, - 0.24 of the size ratio ai crossover 
between the two types of phase behaviour is significantly smaller than that, 0.33, predicted. 
However there are noticeable differences between the experimental and theoretical positions 
of the phase boundaries. These are probably the result of approximations in the theoretical 
model [ZO], particularly the mean-field approach and the idealized treatment of the polymer. 

As mentioned above, when cast in terms of the theoretically relevant variable cprr 
the approaches of both Gast et a1 1191 and Lekkerkerker et a[ [ZO] predict similar phase 
behaviour. However the second approach leads more msparently to phase diagrams that 
can be compared directly with experiment and which display explicitly the partitioning of 
polymer between the various phases. Indeed, in the 1980s, the fact that comparison was 
made between experiment presented in terms of cp and theory in terms of cpr led to some 
confusion. A striking difference between the two representations is that in the $-c, plane 
three-phase coexistence is seen only on the triple line whereas in the experimental @-cP 
representation one finds a triangular three-phase region. Threephase coexistence in colloid- 
polymer mixtures has also been reported recently by Leal Calderon et al [24], who studied 
a mixture of charged polystyrene colloids and hydroxyethyl cellulose polyelectrolyte and 
sketched phase boundaries similar to those of figure 2(i)-(g) @ut without showing data 
points). 

We conclude with a comment of broader relevance. The phase diagrams of figure Z(a)- 
(c) suggest that an assembly of particles will only show a gas-liquid critical point, and a 
stable liquid phase, if the range of their attraction is greater than about 20-30% of their 
diameter. One might guess this to be a general result, applicable to molecular systems 
and not specific only to a potential of the depletion form. This implication of the 1983 
calculations of Gast et a1 [19] appears to have been largely overlooked by the traditional 
liquids community 1251, although Stell 1261 has discussed the extreme case of a deep narrow 
attraction, ‘sticky hard spheres’. Also in this connection, recent theoretical studies of the 
phase behaviour of Cm, large molecules with relatively short-ranged ataactions, find either 
a very narrow liquid region [27] or no liquid at all (281. 
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